
TECHNISCHE UNIVERSITÄT BERLIN WS 2004/05
Fakultät II - Institut für Mathematik
John Sullivan / Charles Gunn Abgabe: 29.11.04

4. Übung Visualisierung in der Mathematik
(Quaternions, Part II)

Übungsaufgaben
Information: The course web site is http://www.math.tu-berlin.de/geometrie/Lehre/WS04/VisMath/.
All assignments will be posted there in .pdf format. You can also check the web site for con-
tact information for the teachers, and other information related to this class.

1. Aufgabe
Quaternions

• Let h = t + −→u and h = t′ + −→u ′ be two unit quaternions. Show that the product hh′

satisfies:
hh′ = (tt′− < −→u ,−→u ′ >)(+t−→u ′ + t′−→u +−→u ×−→u ′) (1)

• Let u ∈ S2 be unit imaginary quaternion and v ∈ S3 be a unit quaternion. Show that
if v 6∈ Span(1, u), then uv 6= vu, that is, they do not commute.

• Show that the u-Hopf projection Πu : S3 → S2 is surjective.

2. Aufgabe
Homogeneous coordinates. We have studied the group Isom(En) for small values of n.
This exercise continues this study in the direction of a unified matrix representation of
such isometries.
Example: Consider −→x = (x, y) ∈ E2. Let i : E2 → E3 be defined by i(x, y) = (x, y, 1). This
is an inclusion of E2 into E3 as the z = 1 plane. Define the projection π : E3 → E2 by
(x, y, z) → (x

z , y
z ).

i) Define the matrix T ∈ GL(R, 3) to be:1 0 x0

0 1 y0

0 0 1


Show that π ◦ T ◦ i : E2 → E2 is the isometry t(x0,y0), the translation by the vector
(x0, y0).

ii) We have seen that Isom(E2) = Isom0(E2)oT (E2). The above shows that any element
of the translation group can be represented by an element of GL(R, 3). What about
elements of Isom0(E2)? We know that these isometries fixing the origin are elements of
the matrix group SO(R, 2), special orthogonal matrices. Let r ∈ Isom0(E2) correspond
to the matrix R ∈ SO(R, 2) = (

r00 r01

r10 r11

)
Show that the matrix R′ defined byr00 r01 0

r10 r11 0
0 0 1


satisfies π ◦R′ ◦ i = R



iii) With T and R′ as above, define the matrix product S = R′T . Show that π ◦ S ◦ i
represents the isometry t(x0,y0) followed by r, that is, matrix multiplication in GL(R, 3)
corresponds to composition of isometries in Isom(E2).

Note: We can work with the coordinates (x, y, 1) directly. Then we can avoid having to refer
to the maps i and π. These coordinates on Rn are called homogeneous coordinates. They
play a large role in the field of projective geometry, where the last coordinate can take on any
value, not just 1. For our purposes now, they are simply a convenient means of providing a
unified matrix representation for elements of Isom(En).

3. Aufgabe
Apply the results of the above exercise to give a complete description of the representation
of Isom(E1) as elements of GL(2, R):

i) Give the matrix corresponding to the element (ta, s).

ii) Show that the product of the matrices corresponding to the elements (ta, s) and (tb, s′)
corresponds to the composition (ta, s) ◦ (tb, s′).


