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5. Übung Visualisierung in der Mathematik
(Projective geometry and matrix representations)

Übungsaufgaben
Information: The course web site is http://www.math.tu-berlin.de/geometrie/Lehre/WS04/VisMath/.
All assignments will be posted there in .pdf format. You can also check the web site for con-
tact information for the teachers, and other information related to this class.
For notes related to the content of this week’s assignment, use the ”Projective Geometry”
link directly accessible from the web site given above.

1. Aufgabe
Calculate the matrix form for the reflection R ∈ Isom(E2) defined by reflection in the the
following lines: x = 0, y = 2, x + 2y = 3, and the line going through the points P = (1, 1)
and Q = (0, 4). (That’s four difference matrices).
Do the same for reflections R ∈ Isom(E3) defined by reflection in the the following planes:
x = 3, and x + y + z = 0.

2. Aufgabe
We saw that in RPn, the image of a projective transformation is determined by the image
of n + 2 points. For n = 1 this implies that the image of a projective transformation is
determined by the images of 3 points. In RP 1, there is only one ideal point, so we sometimes
use nonhomogeneous coordinates for finite points, and refer to (1, 0) as ∞. For example, the
three points with homogeneous coordinates (1, 0), (1, 1) and (1, 0) are referred to as 0, 1, and

∞ . Let M =
(

a b
c d

)
∈ PGL(2, R). Considered as a projective transformation,

i) Determine the non-homogeneous coordinates of M(x) for x ∈ {0, 1,∞,−1}.

ii) What are the fixed points of M? Under what conditions are the fixed points of M real
and unequal? real and equal? conjugate imaginary? (These three cases as known as
hyperbolic, parabolic, and elliptic, respectively).

iii) Let p, q, r ∈ R
⋃
{∞}. Find M such that M(0) = p, M(1) = q, M(∞) = r.

iv) What is M−1? What is M−1(∞)

3. Aufgabe
CP 1 is also known as the Riemann sphere, and its projective transformations are some-
times referred to linear fractional transformation or Moebius transformations. These are
characterized as automorphisms of the Riemann sphere, since there are exactly the bijec-
tive, holomorphic self-maps of the Riemann sphere. These maps are usually written in the
form f(z) = az+b

cz+d . Justify this way of writing the map by showing that it has the same effect
as the matrix notation when homogeneous coordinates are taken into account.


