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6. Übung Visualisierung in der Mathematik
(Matrix representations of rotations)

Übungsaufgaben
Information: The course web site is http://www.math.tu-berlin.de/geometrie/Lehre/WS04/VisMath/.
All assignments will be posted there in .pdf format. You can also check the web site for con-
tact information for the teachers, and other information related to this class.
For notes related to the content of this week’s assignment, use the ”Projective Geometry”
link directly accessible from the web site given above.

1. Aufgabe
We’ve seen how to express a Euclidean reflection in a plane as a 4x4 matrix. How do we do
the same thing for a rotation? Assume we have the desired rotation as a unit quaternion
q = cos(θ)+sin(θ)(ai+bj+ck). Then the action of this rotation on a point P = (x, y, z) ∈ R3

can be expressed by p→ qpq−1 where p := (xi + yj + zk) is a purely imaginary quaternion
representing the point P .

i) Calculate the matrix R ∈ PGL(4, R) for this rotation, assuming that the matrix acts
on a column vector (x, y, z, 1).

ii) Show that the point (a, b, c, 1) is invariant under M .

iii) Use your formula to calculate the rotation matrix Q corresponding to a rotation around
the axis (1, 1, 1) of 2π/3.

2. Aufgabe
An alternative way to calculate rotations is available with reflections, since the product of
two reflections is a rotation. Consider the two planes Y := (1,−1, 0, 0) and Y := (1, 0,−1, 0).

i) Write out the plane equations for Y and for Z.

ii) Calculate the matrices MY and MZ corresponding to reflection in Y and Z respectively.

iii) Show that the axis (1, 1, 1) lies on both planes.

iv) Calculate RY Z := MZMY . Being the product of two reflections, it’s a rotation. Com-
pare to the matrix M in iii) of the previous example.


