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7. Übung Visualisierung in der Mathematik
(Non-euclidean geometry)

Übungsaufgaben
Information: The course web site is http://www.math.tu-berlin.de/geometrie/Lehre/WS04/VisMath/.
All assignments will be posted there in .pdf format. You can aleso check the web site for
contact information for the teachers, and other information related to this class.
For notes related to the content of this week’s assignment, use the ”Non-Euclidean Geome-
try” link directly accessible from the web site given above.

1. Aufgabe
Exercises in non-euclidean calculation In these exercises, point and line coordinates
are in P2.

• Find the distance between the points P = (0, 0, 1) and Q = (.5, .5, 1) in elliptic,
euclidean, and hyperbolic geometry.

• Find the angle between the lines y = 0 and x − y = .5 in elliptic, euclidean, and
hyperbolic geometry.

• Sketch a graph of the function f(r), the hyperbolic distance of the points (0, 0, 1) and
(r, 0, 1) for r ∈ (0, 1).

2. Aufgabe
Non-euclidean reflections

• Calculate the reflection matrix for the reflection in the line x + y = .5 in hyperbolic,
euclidean, and elliptic geometry.

• Let the line m = (a, b, 0) have last coordinate 0. Show that the reflection in this
line yields the same matrix in euclidean, elliptic and hyperbolic geometry. Interpret
this result geometrically. (Hint: how does the line lie with respect to the North pole
(0, 0, 1)?)

3. Aufgabe
We have already met and conquered the triangle with angles (π

2 , π
4 , π

4 ) and (π
2 , π

3 , π
3 ). The an-

gle sum of the first is π, so it is euclidean, and reflections in its sides generates the wallpaper
group *244. The second named triangle has angle sum greater than π and is spherical; reflec-
tions in its sides generates the tetrahedral group *233. What about the triangle (π

2 , π
5 , π

5 )?
It has angle sum 9

10π, hence it is hyperbolic. Calculate the hyperbolic reflections in the sides
of this triangle as 3x3 projective matrices.
Hint: Position the triangle so that the angle of π

2 lies at the origin A = (0, 0, 1) and the two
other vertices lie at B = (a, 0, 1) and C = (0, a, 1), on the x and y axes. Since the triangle is
isosceles we can assume they can be so located. To solve for a, notice that the two triangle
sides meet B lie on the two lines c : y = 0 and a : x + y = a. Find line coordinates for these
two lines, and then apply the angle formula for hyperbolic geometry, to get an equation
which can be numerically solved for a. Use this value then to specify B and C and then
apply the formula for hyperbolic reflections.


