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Fachbereich 3 - Mathematik
Prof. Dr. U. Pinkall / Charles Gunn Abgabe: 27.10.2005

1. Übung Geometrie I
(Lines in P 2(R), Separation, Desargues)

Übungsaufgaben

1. Aufgabe
Line equations in P 2(R).

1) Ordinary points Let P = (x0, y0, 1) and Q = (x1, y1, 1) be homogeneous
coordinates for two distinct, ordinary points in P 2(R). Let X = (x, y, 1)
be homogeneous coordinates for a variable, ordinary point.

i) Find an equation which expresses the condition that X lies on the
line joining P and Q, in terms of the coordinates of P , Q, and X.

ii) Evaluate the determinant equation

∣∣∣∣∣∣
x0 y0 1
x1 y1 1
x y 1

∣∣∣∣∣∣ = 0, and show that

it is equivalent to the equation you derived in i).

2) General case Let P = (x0, y0, z0) and Q = (x1, y1, z1) be homogeneous
coordinates for two distinct points in P 2(R). Let X = (x, y, z) be homo-
geneous coordinates for a variable point.

i) Find an equation which expresses the condition that X lies on the
line joining P and Q, in terms of the coordinates of P , Q, and X.

ii) Evaluate the determinant equation

∣∣∣∣∣∣
x0 y0 z0

x1 y1 z1

x y z

∣∣∣∣∣∣ = 0, and show

that it is equivalent to the equation you derived in i).

2. Aufgabe
Intersection of lines in P 2(R).

i) Let L : a0x + b0y + c0 = 0 and M : a1x + b1y + c1 = 0 be line equations
for two lines in R2. Give an expression for the intersection (x, y) of L and
M .

ii) Let L : a0x + b0y + c0z = 0 and M : a1x + b1y + c1z = 0 be line equations
for two lines in P 2(R). (They naturally are induced by plane equations in
R3.) Discuss how to find the intersection point (x, y, z) of L and M .



iii) Evaluate the determinant equation

∣∣∣∣∣∣
a0 b0 c0

a1 b1 c1

a b c

∣∣∣∣∣∣ = 0. Consider the re-

sult as a linear equation in the variables a, b, and c. Show that the coef-
ficients of a, b, and c represent the desired intersection point of L and M
by comparing them to what you found in ii).

iv) Take L and M to be two distinct, parallel lines. Use the above results to
calculate the point of intersection. Verify that it is an ideal point.

Hausaufgaben

1. Aufgabe (4 Punkte)
Joining and intersecting lines

i) Sketch the line, and find the line equation for the line joining the points
P = (1, 2, 0) and Q = (0,−2, 1) in P 2(R), using the determinant formula
from the practice exercises above.

ii) Sketch the lines, and find the point of intersection of the two lines x+2y =
0 and −2y + z = 0 in P 2(R), using the determinant formula from the
practice exercises above.

iii) A 3-vector (p, q, r) can be interpreted as a point or as a line in P 2(R). For
example (2,−1, 1) is on the one hand represents the point (2,−1, 1), or
the line with these coefficients: 2x − 1y + 1z = 0. Describe geometrically
the relationship of these two interpretations as (p, q, r) varies.

2. Aufgabe (4 Punkte)
Incidence

i) Prove that in P 3(R), every three non-collinear points determine a unique
projective plane (P 2(R)).

ii) Prove that in P 3(R), every two distinct planes intersect in a unique pro-
jective line (P 1(R)).

3. Aufgabe (4 Punkte)
Separation
We saw in the practice session that 3 non-coincident lines separate the projective
plane into 4 regions. Each region is a triangle (a region with three sides and three
corners), and each triangle shares a side with each of the other triangles.

i) Describe how 4 lines, no three of which share a common point, divide the
projective plane (P 2(R)) into regions. Provide a sketch.



i) Choose 5 lines, no three of which share a common point, and describe how
they divide the projective plane (P 2(R)) into regions. Provide a sketch.

iii) [Optional] Describe how 4 planes, no three of which share a common point,
divide projective space (P 3(R)) into regions. Try to draw a sketch

4. Aufgabe (4 Punkte)
Desargues configurations The Desargues configuration refers to the configu-
ration of the Theorem of Desargues: the two triangles ABC and A′B′C ′ are
such that the joining lines of corresponding vertices AA′, BB′ and CC ′ meet in
a point P (the so-called center); consequently, the intersections of corresponding
pairs of sides C ′′ = (AB,A′B′), A′′ = (BC, B′C ′), and B′′ = (AC,A′C ′) lie in
a line, the so-called axis. When the joins of corresponding vertices meet in a
point, we say the triangles are perspective in a point; when the intersections of
corresponding sides lie in a line, we say the triangles are perspective in a line.
In class we proved the version of Desargues that claims: If two triangles are
perspective in a point, they are also perspective in a line.

i) Corrected exercise! The converse of Desargues Theorem is: If two tri-
angles are perspective in a line, they are perspective in a point. Prove the
converse by carrying out the following steps:

a) Let 3 lines in P 2(R)be given by Li : aix + biy + ciz = 0, for i ∈
{0, 1, 2}. Show that the three lines are concurrent (have a common
point) if and only if the 3 vectors li := (ai, bi, ci) are linear dependent
in R3. [Remember: the common point must be a vector (x, y, z) 6=
(0, 0, 0).]

b) When the three lines are concurrent, show that you can assume that
the linear dependence among the three vectors li takes the form l0 +
l1 = l2. [Hint: ax + by + cz = 0 and λax + λby + λcz = 0 for λ 6= 0
describe the same line. ]

c) Finally, using b), show how to turn around the proof of Desargues
given in class, in order to prove its converse.

d) Show that the medians of a triangle are concurrent.

ii) This configuration consists of 10 lines and 10 points, such that 3 points lie
on each line and 3 lines pass through every point. Due to this homogeneity,
it is possible to choose any of the points as the center of the configuration
– once this point is chosen, one can choose the two triangles and the axis
in exactly one way. For each of the 10 copies of the configuration, circle a
different point as the center point, shade in the two triangles corresponding
to that choice, and finally mark the axis line in some way. The first one
has been done for you.





Gesamtpunktzahl: 16


