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11. Übung Geometrie I
(Möbius geometry II)

Web site: http://www.math.tu-berlin.de/geometrie/Lehre/WS05/Geometrie1.

Note: There are 20 points on this sheet; the maximal point total possible is 16;
50% is 8 points, as usual.

Übungsaufgaben

1. Aufgabe
Review and notation
These items refer to the general n-dimensional case.

• By sphere we mean either a Euclidean sphere or a Euclidean hyperplane.

• V := R⊕ Rn ⊕ R with inner product

〈(x0,x, xn+1), (y0,y, yn+1)〉Q = −x0yn+1 − y0xn+1 + 2〈x,y〉

• The quadric surface Q := {v ∈ P (V ) | 〈v, v〉 = 0}.

• Q can be identified with R̂n via the homeomorphism σ : R̂n ↔ Q ⊂ V :

σ(y) :=
{

(1,x, |x|2) if y = x ∈ Rn

(0, 0, 1) y = ∞

}
• V∞ := (0,0, 1) = σ(∞) ∈ P (V )

• T∞ := [1,0, 0] is the tangent plane to Q at V∞

• V + := {v ∈ V |〈v, v〉Q > 0}. Points in P (V +) can be identified with
spheres in R̂n.

• Ω(u, v) := 〈u,v〉Q√
〈u,u〉Q

√
〈v,v〉Q

for u, v ∈ P (V +) is the inversive product of

two spheres.

• Möb(n) := the group of Möbius transformations of R̂n.

• M̂öb(n) := the subgroup of Proj(V ) induced by Möb(n).

These items refer specifically to the case R̂2.

• By circle we mean either a Euclidean circle or a Euclidean line.



• Cm,r := the Euclidean circle with center m = (x, y) and radius r.

• Ln,d := the Euclidean line with equation 〈x,n〉 = d.

• Ep,q :=The circle pencil [Kreisbüschel] of elliptic type of circles which pass
through the two points (p,q).

• Pp,q := the circle pencil of parabolic type of circles passing through the
point p and having centers on the line (p,q).

• Hp,q := the circle pencil of hyperbolic type consisting of circles orthogonal
to Ep,q.

2. Aufgabe
Given two circles C1 and C2 determine explicitly the circle pencil spanned by
them.

3. Aufgabe
Given two points p,q ∈ R2, determine

• τ ∈ Möb(2) such that τ(p) = 0 and τ(q) = ∞; and,

• τ̂ ∈ M̂öb(2), the induced projective transformation on P (V ).



Hausaufgaben

1. Aufgabe (4 Punkte)
Classification of circle pencils [Kreisbüscheln] A circle pencil can be de-
fined as the circles corresponding to points in l ∩ V + for some line l ∈ V . For
each of the following six cases, describe the circle pencil and provide a sketch.

1. l ⊂ T∞ V∞ 6∈ l
2. l ⊂ T∞ V∞ ∈ l
3. l 6⊂ T∞ V∞ ∈ l
4. l 6⊂ T∞ V∞ 6∈ l #(l ∩Q) = 0
5. l 6⊂ T∞ V∞ 6∈ l #(l ∩Q) = 1
6. l 6⊂ T∞ V∞ 6∈ l #(l ∩Q) = 2

2. Aufgabe (4 Punkte)
Calculating circle pencils Define p = (0, 0), n = (1, 0), and q = (2, 0); and
C1 := Cp,1, C2 := Cp,2, C3 := Cq,1, C4 := Ln,0. Determine the circle pencils
determined by the following pairs of circles and sketch them: (C1, C2), (C1, C3),
(C2, C3), and (C3, C4). That is, your answers should be of the form Hp,q, Ep,q, or



Pp,q. [Hint: to calculate elliptic pencils Ep,q: p, q correspond to the intersection
points of the two circles in R2].

3. Aufgabe (6 Punkte)
Mid circles Assume Cl and Cr are distinct circles which intersect in two points.
Show that there are two circles Cm and Cm′ in the pencil determined by the
two circles, such that

• Ω(Cl, Cm) = Ω(Cm, Cr) and Ω(Cl, C
′
m) = Ω(C ′

m, Cr),

• Cm and Cm′ intersect at right angles,

• Inversion in Cm exchanges the circles Cl and Cr, and the interior of one
is mapped to the exterior of the other, (and similarly for Cm′).

Then,

• Calculate Cm and Cm′ for the circle pair C2 and C3 above. Sketch the
result.

• What if anything changes when Cl and Cr i) are tangent, or ii) don’t
intersect?

4. Aufgabe (3 Punkte)
Distance between non-intersecting circles We defined the distance d bet-
ween concentric circles Cr and Cr̂ of radius r and r̂ to be ln( r

r̂ ).

• Derive this distance function from the assumption that cosh(d) = Ω(Cr, Cr̂).

• Define a distance function d(, ) for two non-intersecting circles. Justify
your definition.

• Use your definition to calculate the distance between the circles C3 and
C4 above.

5. Aufgabe (3 Punkte)
Steiner alternative We say two circles satisfy Steiner’s alternative with order
n if the construction we named Steiner’s alternative closes up with a cycle of
n tangent circles. Define the two Euclidean circles C := Cm,r and Ĉ := Cm̂,r̂.
Assume that C and Ĉ do not intersect.

• Determine a criteria to determine if C and Ĉ satisfy Steiner’s alternative,
and if so, what the order is.

• Apply this criterion to the pair C = C3 and Ĉ = C4 from above.

• Find four values of r such that the circles C0,1 and Cr := C0,r satisfy
Steiner’s alternative.

Gesamtpunktzahl: 20


