
TECHNISCHE UNIVERSITÄT BERLIN WS2005
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Übungsaufgaben

1. Aufgabe
This assignment is a make-up assignment for the homework assignment 1i) and
ii) from Blatt 1. If you didn’t receive points for making the sketches, and want to
receive points, do this exercise and turn it in a separate sheet entitled “Make-up
I.1”.
Graph the following entities in P 2(R). You should interpret the point coordi-
nates to be dehomogenized (x, y, 1) when possible. That is, your graphs should
assume that the ideal line is represented by points of the form (x, y, 0).

1. The points P = (1, 2, 1), Q = (2,−4, 2), and R = (1, 1, 0).

2. The lines PQ and QR.

3. The line whose line equation in non-homogeneous coordinates is x+y = 1.

4. The line whose line equation in homogeneous coordinates is 2x−y+4z = 0.

2. Aufgabe
Cross ratio Four points X0, X1, X2, X3 lie on a P 1(R) with non-homogeneous
coordinate x0, x1, x2, x3, respectively. (Recall that the ideal point (1, 0) is repre-
sented by the non-homogeneous coordinate ∞), The cross-ratio (Doppelverhält-
nis) of the four points is defined by cr(X0, X1, X2, X3) := (x0−x3)(x2−x1)

(x0−x1)(x2−x3)
. This

expression depends on the order in which the four points are listed. There are
a total of 4! = 24 permutations of the four elements that could be substituted
into the expression. For simplicity, define λ := cr(X0, X1, X2, X3).

i) Find all permutations P of 0123 such that cr(XP (0), XP (1), XP (2), XP (3)) =
λ.

ii) Give examples of permutations P such that cr(XP (0), XP (1), XP (2), XP (3)) 6=
λ.

iii) Show that there are exactly 6 possible values for cr(XP (0), XP (1), XP (2), XP (3))
as P varies over all permutations. Express each of these values in terms
of λ.



3. Aufgabe
Involutions

i) Suppose a projectivity M as above has the property that M−1 = M , that
is, M is its own inverse. Such an M is called an involution. Show that M
is an involution ⇐⇒ a− d = 0.

ii) Find an example of an elliptic involution, and of a hyperbolic involution.

4. Aufgabe
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The 13 Configuration

Label the rest of the 13 points and 13 lines with their coordinates.

Optional Label as many of the points and lines in this figure with their coor-
dinates.

Hausaufgaben

1. Aufgabe (6 Punkte)
Cross ratio

i) Let M =
(

a b
c d

)
be a hyperbolic projective transformation of P 1(R) with

two distinct real fixed points P0 and P1, and X a third point in P 1(R).
Prove that cr(P0, X, P1,M(X)) does not depend on the choice of X. This
value is called the characteristic cross ratio of M .

ii) Investigate what happens to the characteristic cross ratio as the two fi-
xed points approach one another (that is, as the transformation becomes
parabolic).

iii) Given two points A and B, and three further points C1, C2, C3. Show that
the cross-ratio is multiplicative in the following sense:

cr(A,C1, B, C2) · cr(A,C2, B, C3) = cr(A,C1, B, C3)



2. Aufgabe (5 Punkte)
Quadrics

i) Given a symmetric bilinear form B(x, y) : V ×V → R, with matrix entries
bij with respect to a basis {ei}. Further, given a linear transformation
M : V → V . Find a formula to produce the matrix for the bilinear form
B′ : V × V → R, such that B′(Mx,My) = B(x, y),∀x, y ∈ V . In simple
terms, if I apply a transformation M to Pn(R), how do the coefficients of
a quadric defined on Pn(R)transform?

ii) Verify your formula is correct on the following example: Given the parabola
yz = x2 in P 2(R). /

– What bilinear form B corresponds to this conic section?

– Define the projectivity M =

1 0 0
0 1 −1
0 1 1

. Calculate the correspon-

ding bilinear form B′ using your formula from i), and show that it
corresponds to the conic section x2 + y2 − z2 = 0.

iii) In what sense can the conic section x2 + y2 − z2 = 0 be described as
“the unit circle in R2”?

3. Aufgabe (5 Punkte)
Duality

i) Let µ be a projectivity of a projective space P (V ). Consider the induced
projectivity µ̂ on the dual space P (V ∗). (By induced projectivity I mean
the following: µ moves the points of P (V ) to new positions, and by linearity
the hyperplanes (elements of P (V ∗)) are also moved to new positions.)
Suppose µ is given by the linear map M : V → V and M in turn is given
by the matrix A = {aij} with respect to a basis ei. The projectivity µ̂ is
given by a linear map M̂ with respect to the dual basis {Ei} of V ∗. Show
that the matrix form for M̂ is given by the matrix λ(M−1)t, λ 6= 0. That
is, the matrix of M̂ is given as the inverse transpose of the original matrix,
up to a non-zero factor.

ii) Consider the three points P = (1, 0, 1), Q = (1, 2, 3), R = (−1, 1,−1) of
P 2(R)with basis vectors (e1, e2, e3). Define the lines r = PQ, p = QR, q =
RP in the dual space, the space of lines in P 2(R). Find the coordinates
of these lines with respect to the dual basis. [Recall: the dual basis Ei has
the property that Ei(ej) = δij ].

Gesamtpunktzahl: 16


