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Übungsaufgaben

1. Aufgabe
Given a conic in P 2(R) defined by a non-degenerate symmetric bilinear form
(SBF) B. A triangle in P 2(R) is called self-polar with respect to the conic if
each vertex and its opposite side are pole and polar with respect to the conic.
Prove the following:

• A triangle is self polar with respect to a conic if and only if, each pair of
vertices are conjugate points, and each two sides are conjugate lines, with
respect to the conic.

• Given a point A not on the conic, show that there are infinitely many
self-polar triangles including the point A as a vertex.

2. Aufgabe

• Let the nondegenerate point conic be given by the equationB(X, X) =
0. Prove that the equation of this conic, regarded as a line conic, is
B−1(U,U), (where U represents a line in the dual basis of P 2(R)).

• Suppose a point P lies on two distinct tangents to a conic in P 2(R). Prove
that the polar line of P is the joining line of the points of tangency of these
two tangents.

Hausaufgaben

1. Aufgabe (4 Punkte)
Tangents

• Suppose R and S are two points in P 2(R) neither lying on a given conic
defined by the symmetric bilinear form B. Show that RS is tangent to the
conic if and only if and only if B(R,R)B(S, S)− (B(R,S))2 = 0.

• Find the equation of the two tangent lines from the point (1, 2, 1) to the
conic given by xy = z2.



2. Aufgabe (8 Punkte)
In P 2(R) the triangle of reference is the triangle, including sides, formed by
the basis vectors. If we have a non-degenerate quadratic form Q that has been
diagonalized, then it is clear that the corresponding conic section does not pass
through any of the corners of the triangle of reference. This exercise investigates
the case where Q has not been put into diagonal form.

i) Suppose the conic section defined by Q passes through all 3 corners of
the triangle of reference. Show that Q can be put into the form Q = 0 c12 c13

c12 0 c23

c13 c23 0

 where cij 6= 0. Classify the conic according the coeffi-

cients c.

ii) Suppose the conic section defined by Q passes through 1 corner of the
triangle of reference, and is tangent at the other two corners. Show that

Q can be put into the form Q =

 0 c12 0
c12 0 0
0 0 c33

. Classify the conic

according the coefficients c.

iii) Suppose a triangle ABC is inscribed in a conic in P 2(R). Show that any
line through the polar point of one of the sides, intersects the other two
sides in conjugate points.

iv) In the case that a conic from i) intersects the ideal line z = 0 in two
real points, calculate the line equations for the asymptotes to the conic in
terms of the coefficients ci.

3. Aufgabe (4 Punkte)
Cross ratio Let P and Q be conjugate points in P 2(R) with respect to a conic
defined by a the bilinear form B, and neither P nor Q lie on the conic. Suppose
the line PQ intersects this conic in distinct points R and S.

• Find the coordinates of R and S as linear combinations of the points P
and Q.

• Prove the lemma: Given points A, B, C, and D on a line, with C = A+λB
and D = A + µB, cr(A,C, B, D) = µ

λ .

• Show that cr(R,P, S,Q) = −1, that is, the four points are harmonic.

Gesamtpunktzahl: 16


