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7. Übung Geometrie I
(Lines in P 3(R), II)

Web site: http://www.math.tu-berlin.de/geometrie/Lehre/WS05/Geometrie1.

Übungsaufgaben

1. Aufgabe
Sets of lines Given a line g in P 3(R) with Plücker coordinates [a]. As before,
let the Plücker quadric Q be defined by the bilinear form ω. Then the pole ĝ of
g with respect to Q can be defined as ĝ = {h ∈ P (∧2(V ))| ω(g, h) = 0}. It is
clear that ĝ is a hyperplane in P (∧2(V )).

• Describe the set of all lines that intersect a given line, as a subset of Q ⊂
P (∧2(V )). Discuss the α- and β-planes present in this set.

• Given a regulus R as the set of lines that meet three skew lines in P 3(R).
Describe the subset of Q corresponding to this set of lines. [Hint: use the
result of the preceding exercise.]

• Optional: from the last assignment, you know that to this regulus there
corresponds a conjugate regulus R’, such that every line of R meets all the
lines of R’ and vice-versa. Describe how R’ sits in Q and is related to R.

2. Aufgabe
Lines in R3 , again. Assignment 6, Exercise 2 touched on line coordinates in
Euclidean 3-space. This exercise represents a fresh start in that direction.
Let Pi := (1, xi, yi, zi), i ∈ {1, 2} be two points in R3. Note that we consider
the first coordinate as the homogeneous coordinate, rather than the last
coordinate! Define P̂i := (xi, yi, zi) the Euclidean coordinates of these points.
The Plücker coordinates of the line g := P0P1 are then

pij = (x1−x0, y1−y0, z1−z0, x0y1−x1y0, x1z0−x0z1, y0z1−y1z0) =: (XP , ZP )

Here we have written the Plücker coordinates as a pair of 3-vectors, where XP

is just the difference vector P̂1 − P̂0, and ZP = P̂0 × P̂1 is the cross product.
Let Qi and Q̂i for i ∈ {1, 2} be another pair of points with Plücker coordinates
for the line h := Q0Q1 given by qij =: (XQ, ZQ). Assume the four points are
linearly independent. Let T be the tetrahedron formed by the four points, and
V (T ) its volume.

i) Show that ω(pij , qij) = 1
6V (T ).



ii) Show that there is a unique line l intersecting both g and h perpendicular
to both.

Hausaufgaben

1. Aufgabe (8 Punkte)
Continuation of Übungsaufgabe 1

i) Let d be the distance along l between its intersections with g and h. Show
that

V (T ) =
1
6
|XP ||XQ| sin(α)d

where α is that angle between XP and XQ considered as vectors.

ii) Conclude that d = ω(pij ,qij)
|XP ||XQ| sin(α)

iii) Show this is equivalent to d = ω(pij ,qij)√
(<XP ,XP ><XQ,XQ>−<XP ,XQ>2)

.

iv) Verify that this formula is correct for the case that

(P0, P1, Q0, Q1) =


1 0 0 0
1 1 0 0
1 0 1 0
1 1 0 1


(here each row is a point (1, x, y, z)). To verify, you should provide a sketch
showing the common perpendicular with the distance d calculated from
the geometric sketch; this should be shown to agree with the result given
by the formula (d = 1√

2
).

2. Aufgabe (3 Punkte)

• If dim V = n, show that every a ∈ ∧n−1(V ) is decomposable.

• Determine which of the following 2-vectors are decomposable and, if de-
composable, provide a decomposition as a ∧ b:

i) u1 ∧ u2 + u2 ∧ u3

ii) u1 ∧ u2 + u2 ∧ u3 + u3 ∧ u4

iii) u1 ∧ u2 + u2 ∧ u3 + u3 ∧ u4 + u4 ∧ u1



3. Aufgabe (5 Punkte)
Suppose we think of Plücker coordinates as being extended to be coordinates on
all of P (∧2(V )). Let [a] = {aij} be such an element of P (∧2(V )) where ω(a, a)
is not necessarily 0, that is, [a] does not necessarily lie on Q. Define the set
L := {b ∈ P (∧2(V ))| ω(a, b) = 0}. This equation clearly defines a hyperplane in
P (∧2(V )), that is, a 4-dimensional projective space. Define LQ := L ∩Q.

• Show that in case ω(a, a) = 0, LQ represents all the lines which intersect
the line with Plücker coordinates [a]. (Compare Exercise 1 above).

• Show that if ω(a, a) 6= 0, LQ is a 3-dimensional set of lines with the
following properties:

i) For a point P ∈P 3(R), let LP represent the line bundle centered at
P . Show there is a plane Π containing P such that LQ ∩ LP is the
line pencil determined by by P and Π. Π is called the polar plane of
P .

ii) For a plane Π ∈P 3(R), let LΠ represent the line field in Π. Show there
is a point P ∈ Π such that LQ ∩ LΠ is the line pencil determined by
by P and Π. P is called the polar point of Π.

iii) For a line h ∈ P 3(R)with h not in LQ, show that there exists a unique
line ĥ such that as a point P moves along h, the polar plane of P
rotates around ĥ. ĥ is called the conjugate line of h with respect to
LQ.

Gesamtpunktzahl: 16


