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9. Übung Geometrie I
(Hyperbolic geometry)

Web site: http://www.math.tu-berlin.de/geometrie/Lehre/WS05/Geometrie1.

Note: unless otherwise noted, all exercises are in the setting of the hyperbolic pla-
ne H2, and all distances and angles are assumed to be measured hyperbolically.

Übungsaufgaben

1. Aufgabe
More cross ratio Given a projective line P 1(R)with two distinguished points
A and B. Then there is a unique involution X : P 1(R) → P 1(R) on the line
which fixes A and B and such that X(A + xB) = A − xB. This is called a
harmonic involution since cr(A, x,B, X(x)) = −1. Show it is always possible
to choose coordinates so that the coordinates of (A,B, A′, B′) on P 1(R)are
(x, y,−x,−y).
For two points A and B and two lines a and b all in P 2(R), show that cr(A, a,B, b)
makes sense and show that it is equal to 〈A,b〉〈B,a〉

〈A,a〉〈B,b〉 , where 〈., .〉 is the dual pairing
of point and line.

2. Aufgabe
Lines in H2 A line g ∈ P 2(R) is said to lie in H2 if it has non-empy intersection
with H2. Two lines which lie in H2 whose intersection lies outside H̄2 are said
to be ultra-parallel ; two lines which intersect on ∂H2 (the boundary of H2) are
said to be parallel. In the following, assume g and h lie in H2 with 〈g, g〉 = 1and
〈g, g〉 = 1 unless otherwise stated.

• Show that a line g lies in H2 ⇐⇒ 〈g⊥, g⊥〉 > 0 ⇐⇒ 〈g, g〉 > 0

• A line h lying in H2 is perpendicular to g ⇐⇒ h passes through g⊥.

• Describe how to find the common perpendicular of two lines g, h ∈ H2

which do not intersect in H2.

• Show that the distance d between the two lines g and h whose intersec-
tion lies outside H2 (measured along their common perpendicular) is the
unique positive real number d satisfying 〈g, h〉 = ± cosh(d).

• Show that the angle between two lines lying in H2 which intersect on ∂H2

is 0.



• Show that for lines meeting at O = (0, 0, 1), hyperbolic angle measurement
agrees with euclidean angle measurement.

• Find a formula for the hyperbolic midpoint m of the line segment joining
two points p ∈ H2 and q ∈ H2.

Hausaufgaben

1. Aufgabe (2 Punkte)
Distance of point to line

• Find the line coordinates of the line g through P = (.5, 0, 1) perpendicular
to h, the line through Q = (0,−.5, 1) and (−.5, 0, 1). Find the hyperbolic
distance along this line from P to h.

• Derive a formula for the distance between a general point p ∈ H2 and a
general line k which lies in H2.

2. Aufgabe (2 Punkte)
Distance is additive Show that hyperbolic distance is additive, that is, for
three points p, q, r on a line (in that order) then d(p, q)+d(q, r) = d(p, r). [Hint:
use the second formula involving the intersection points ∞1 and ∞2 of the line
with the quadric].

3. Aufgabe (2 Punkte)
Hyperbolic isometry mapping defined by point and line pairs. Let g
be the line through P = (.5, 0, 1) and (.5, .5, 1), and h the line through Q =
(0,−.5, 1) and (−.5, 0, 1). Find the hyperbolic isometry A ∈ O(2, 1) carrying P
to Q and g to h.

4. Aufgabe (4 Punkte)
Hyperbolic translations Let p and q be two points in H2. Let p⊥ be the
conjugate of p on the line pq with respect to the hyperbolic quadric Q. Assume
〈p, p〉 = −1, 〈p⊥, p⊥〉 = 1.

• Show that the point p(t) := cosh(t)p + sinh(t)p⊥ is the point on pq at
hyperbolic distance t from p in the direction of q.

• Define

M(t) :=

 cosh(t) 0 sinh(t)
0 1 0

sinh(t) 0 cosh(t)


Show that M is a hyperbolic isometry.



• Show that (1, 0, 1) and (−1, 0, 1) are fixed points of M .

• Sketch the action of M on H2. Include the sketch of the forward and
backward orbit of (0, 0, 1) and (0, .5, 1).

5. Aufgabe (4 Punkte)
Harmonic homology Let p 6∈ H2, and p⊥ be its polar line with respect to the
fundamental quadric. Define a transformation A : V → V by A(v) = v− 2〈p,v〉

〈p,p〉 p.
Such a transformation is called a harmonic homology with center p and axis
p⊥. [Note that if a line g is given, then the center of the homology with axis g
is g⊥ the polar point of g].

• Show that p and every point of p⊥ constitute the fixed points of A.

• Show that A ∈ O(2, 1) and is therefore a hyperbolic isometry.

• Calculate the harmonic homology with center p = (.5, 1, .5) and sketch its
action with a drawing of H2 (under the assumption that the last coordi-
nate is the homogeneous coordinate).

6. Aufgabe (2 Punkte)
Hyperbolic triangles and tessellations
Define O = (0, 0, 1), A = (k, 0, 1), B = (0, k, 1), 0 < k < 1.

• Find k so that the angles of triangle ∆OAB are π
2 , π

5 , π
5 . If you use floating

point numbers, give at least 5 decimal places accuracy.

• Find line g such that g passes through A and bisects ∠OAB.

• Optional Let F be the harmonic homology with axis [0, 1, 0] (the x-axis)
and G be the harmonic homology with axis g, from above. Show that
F and G both fix B. Sketch the images of ∆OAB under the isometries
F,G, FG, GF . (Here FG means first apply G, than apply F ).

Gesamtpunktzahl: 16


