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Exercise 1. (4 pts)
Let P ∈ RP 2 be a point and Q a nondegenerate conic in RP 2, such that P /∈ Q, and let l be the
polar line of P .

a) Let A be an arbitrary point on Q not on l, and let B denote the intersection of the line PA
and Q, and X the intersection of PA and l. Show that cr(P,B,X,A) = −1.

b) Show that Q is invariant under the harmonic reflection with center P and axis l (that is,
points of Q are mapped to points of Q).

Exercise 2. Projective generation of conics (5 pts)
Given the two points A = (0, 1, 1) and B = (1, 0, 1) ∈ RP 2. Consider the following lines in
affine coordinates (z ≡ 1):
a1 : x+ y = 1, b1 : x = 1
a2 : x = 0, b2 : x− y = 1
a3 : x− y = −1, b3 : y = 0

a) Show that A ∈ ai and B ∈ bi for i ∈ {1, 2, 3}.

b) Let φ : A → B be the projectivity between the line pencil A and the line pencil B defined
by the conditions φ(ai) = bi. (Reminder: A line pencil is the set of all lines passing through
a given point).

c) By choosing appropriate bases for the pencils A and B, calculate the matrix for φ with
respect to these bases. (Suggestion: choose one horizontal and one vertical line for the
basis.)

d) Calculate the intersection (x, y, z) of l ∈ A with φ(l) ∈ B in homogeneous coordinates, and
find a homogeneous polynomial of degree two which the entries (x, y, z) safisfy.

You have shown that for at least one example, the following is true: ”The intersection points of
corresponding lines of projective pencils lie on a conic.”

Exercise 3: Inversion in a circle. (3 pts)
Construct the figure that results when a square is inverted in its inscribed circle. Describe and
sketch your construction.



Exercise 4: Peaucellier-Lipkin linkage. (4 pts)
There is a simple mechanism, called the Peaucellier-Lipkin linkage which mechanically per-
forms inversion in a circle. It consists of six rods: two of length a joining a fixed point O to two
opposite corners A and C of a rhombus ABCD with side length b < a, with hinges at all four
corners.
Show: As B moves along some curve, D moves along the curve obtained by inversion in a
circle (and vice versa).

Due before the first lecture on February 9th, 2015


