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Exercise Sheet 11

Exercise 1: Hyperbolic circles. (4 pts)
Consider the hyperboloid model H2 = {x ∈ R2,1 | 〈x, x〉2,1 = −1, x3 > 0} of the hy-
perbolic plane. Define the circle of radius r around a point p ∈ H2 as

Cp,r := {x ⊂ H2 | d(p, x) = r},

where d denotes the hyperbolic distance. Show that Cp,r is the intersection of H2 with a
plane and draw a sketch. What is the equation of the plane?
What is the length of a hyperbolic circle with radius r?

Hint: Apply a suitable normalization to the picture before calculating the length.

Exercise 2: Ideal triangles. (4 pts)
An ideal triangle in the hyperbolic plane is a triangle with all three vertices on the
boundary of the hyperbolic plane. Show that all ideal triangles are congruent.

Exercise 3: Hyperbolic cosine law. (4 pts)
Prove that the side lengths and interior angles of a hyperbolic triangle satisfy

cosα =
− cosh a+ cosh b cosh c

sinh b sinh c
, (hyperbolic side cosine theorem)

cosh a =
cosα + cos β cos γ

sin β sin γ
. (hyperbolic angle cosine theorem)

Hint: Follow the proof from the lecture for hyperbolic trilaterals or for spherical triangles in Springborn’s lecture notes.

Exercise 4: Angle of parallelism. (4 pts)
Let ABC be a right-angled hyperbolic triangle with right-angle at vertex C, with side-
lengths (a, b, c) and interior angles (α, β, π

2
), where α and β are opposite to the sides

with lengths a and b, respectively.

(i) Show that tanh(a) = sinh(b) tan(α).

(ii) Show that lima→∞ α = tan−1( 1
sinh(b)

) = 2 tan−1(e−b)

Due Thursday, January 26, before the lecture.


