
TECHNISCHE UNIVERSITÄT BERLIN
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Exercise Sheet 4

Exercise 1: Complex submanifolds of C2. (5 pts)
Let M, M̃ be two 1-dimensional connected complex submanifolds of C2. Show that
if they intersect, then the intersection consists either of isolated points or M and M̃
coincide.

Exercise 2: The Veronese map. (5 pts)

The Veronese map is a function ϑd : CP n → CPm where m =

(
n+ d
d

)
− 1. It

sends points (z0, . . . , zn) of CP n to monomials in the variables z0, . . . , zn of degree d.
Consider the case n = 1 and d = 3, then

ϑ3 : CP 1 → CP 3

(s, t) 7→ (s3, s2t, st2, t3)

(i) Show that ϑ3 is well-defined and holomorphic.

(ii) Show that ϑ3(CP 1) is a compact submanifold of CP 3.

Exercise 3: Conics in CP 2. (5 pts)
A projective transformation is an isomorphism of projective spaces induced by an iso-
morphism of the corresponding vector spaces. This means A ∈ GL(n+ 1,C) defines a
projective transformation A by A[v] := [Av], where v ∈ Cn+1 \ {0} and [v] is the pro-
jection to the equivalence class, i.e. a point in CP n. Two sets are projectively equivalent
if they can be mapped to each other by a projective transformation.
A conic in C2 is the zero set of a quadratic equation

ax2 + bxy + cy2 + dx+ ey + f = 0.

(i) Homogenize this equation to get a conic in CP 2 and show that all non-degenerate
conics in CP 2 are projectively equivalent.
Hint: You can express the defining equation as vTMv. Non-degenerate means
then M has full rank.

(ii) Show that each conic is biholomorphic to CP 1.
Hint: You can use the Veronese map.

Due Thursday, November 15.


