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Exercise Sheet 9

Exercise 1: Connections and complex structures on new vector bundles. (10 pts)
As we know from the lecture the constructions of new vector spaces apply also on vector
bundles. What is with the corresponding connections and complex structures? Let E
and Ẽ be two vector bundles over M , (Ui)i∈I an open cover with transition functions
(gij)i,j∈I and (g̃ij)i,j∈I , almost complex structures JE , resp. JẼ and connections ∇E

resp. ∇Ẽ . Check the following:

(i) E ⊕ Ẽ has transition functions
(
gij 0
0 g̃ij

)
, almost complex structure JE⊕Ẽ =

JE ⊕ JẼ and connection∇E⊕Ẽ = ∇E ⊕∇Ẽ .

(ii) E⊗Ẽ has transition functions gij⊗ g̃ij , almost complex structure JE⊕Ẽ(φ⊗ψ) =

JE(φ)⊗ψ = φ⊗ JẼψ and connection∇E⊕Ẽ(φ⊗ψ) = (∇Eφ)⊗ψ+ φ⊗∇Ẽψ,
where φ⊗ ψ ∈ Γ(E ⊗ Ẽ).

(iii) The dual bundle E∗ has transition functions (g∗ij)
−1, almost complex structure

JE∗ = J∗E and connection (∇E∗
α)ψ = d(α(ψ))− α∇Eψ.

Notice that (ii) and (iii) provide also transition functions, almost complex structure and
a connection for Hom(E, Ẽ) = E∗ ⊗ Ẽ and in particular for End(E).

Exercise 2: Curvature tensor and Bianchi identity. (5 pts)
Let E → M be a vector bundle with connection ∇. Denote by d∇ : Ωk(M,E) →
Ωk+1(M,E) the (covariant) exterior derivative. We defined the curvature tensor R ∈
Ω2(M,End(E)) to be R(X, Y )ψ = ∇X∇Y ψ − ∇Y∇Xψ − ∇[X,Y ]ψ, where X, Y ∈
Γ(TM), ψ ∈ Γ(E).

(i) Show that R = d∇ ◦ d∇ |Γ(E).

(ii) Show the Bianchi identity d∇R = 0.
Hint: R is endomorphism valued and d∇ in (ii) is not the same as in (i). Use the
connection on the endomorphism bundle given as in exercise 1.
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