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Exercise Sheet 6

Bonus: (5 pts)
Consider the following IVP in R3:

ẋ1 = 3x2(x3 − 1),

ẋ2 = −x1(x3 − 1),

ẋ3 = −x3
3 (x

2
1 + 1) ,

(x1(0), x2(0), x3(0)) ∈ R3.

(i) Prove that the fixed point (0, 0, 0) is stable by finding a proper (quadratic) Lya-
punov function.

(ii) Prove that the fixed point (0, 0, 0) cannot be asymptotically stable by restricting
the dynamics to the invariant plane x3 = 0.

Bonus: (5 pts)
Consider the following planar linear systems of ODEs:{

ẋ1 = −2x1,

ẋ2 = −3x2,

{
ẋ1 = −2x1,

ẋ2 = −2x2.

They have respectively the following phase portraits:

group of conjugacies to different smoothness classes (topological, Hölder, Lipschitz,
linear) and investigate what these classes tell us about the geometry of the phase por-
traits and about the coefficient matrices. This hierarchy of smoothness reveals subtle
differences in the properties of linear systems as a whole.

Looked at from the opposite point of view, this treatise is a case study on the invari-
ants of homeomorphisms of different levels of smoothness. In general topology one
studies the invariants of continuous homeomorphisms and in differential topology one
studies the invariants of smooth diffeomorphism. But, what about Hölder or Lipschitz
homeomorphisms? As one goes up the hierarchy of smoothness one discerns finer and
finer geometric structure.

We completely characterize the conjugacy of n-dimensional hyperbolic systems,
i.e., systems for which all the eigenvalues of the coefficient matrix have nonzero real
part. But first, in the next section six representative two-dimensional examples are
given to illustrate the various possible planar phase portraits, and the question of the
level of smoothness of the conjugacies between them is completely answered. It is left
to the final section to completely resolve the general n-dimensional hyperbolic case. It
turns out that with one exception the general case is the same as the planar examples.
The exceptional case contains a 2k-dimensional Jordan block (see Theorem 3.1) with
complex eigenvalues, where k ! 2.

2. PLANAR EXAMPLES. Figure 1 contains six examples of the phase portraits of
linear differential equations in the plane, i.e., equations of the form (1) where x " R2

and A is a 2 # 2 real constant matrix. Since the systems are two-dimensional, the phase
portraits are planar. The n-dimensional case will be discussed in the following section.

(a) node (b) node (c) ray

(d) focus (e) one-tangent node (f) ray

Figure 1. Phase portraits of selected linear systems.

The solutions of equations (1), and hence the phase portraits in Figure 1, depend on
the eigenstructure (i.e., eigenvalues and eigenvectors) of the matrix A. The six systems

August–September 2008] CONJUGATE PHASE PORTRAITS 597

group of conjugacies to different smoothness classes (topological, Hölder, Lipschitz,
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The solutions of equations (1), and hence the phase portraits in Figure 1, depend on
the eigenstructure (i.e., eigenvalues and eigenvectors) of the matrix A. The six systems
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Prove that the systems are topologically conjugate by constructing explicitly the map
between the orbits.

Due Monday, December 03.


