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Exercise Sheet 5

Exercise 1: Normalization of a quadratic form. (2 pts)
Let Q(x) be the quadratic form on R3 defined by

q(x) = x1x2 + x2x3 + x3x1

for x = (x1, x2, x3). Find a linear change of coordinates T : R3 → R3 such that
with respect to the coordinates y = T (x), the quadratic form is diagonal of the form
q(y) =

∑3
i=1 λiy

2
i with λi ∈ {0,±1}. Determine the rank and the signature of q(x).

Exercise 2: degenerate conic. (2 pts)
Which of the following two quadratic forms on R3 defines a degenerate conic in RP2?
If it does, write it as a product of two linear forms.

(i) q(x) = x21 − 2x1x2 + 4x1x3 − 8x22 + 2x2x3 + 3x23

(ii) r(x) = x21 − 2x1x2 + x22 − 2x1x3

Exercise 3: tangent to a conic. (2 pts)

(i) Suppose R = [u] and S = [v] are two distinct points in RP2 and consider the
non-empty, non-degenerate conic defined by the symmetric bilinear form b. Show
that the line RS is tangent to the conic if and only if

b(u, u) b(v, v)− b(u, v)2 = 0.

(ii) Find the equation of the two tangent lines from the point [3
2
,−2, 1] to the conic

given by
x1x2 = x23.

Exercise 4: Pencil of conics with four common points. (2 pts)
Consider the one-parameter family of conics through the four points
[1, 1, 1], [1,−1, 1], [−1,−1, 1], [−1, 1, 1] ∈ RP2.

(i) Find its general formula.

(ii) Show that any two conics of this family have only the given four points in com-
mon.

(iii) What is the equation of the unique conic in this family that passes through the
point P = [2, 0, 1]?

(iv) Draw a picture of this family.
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