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Chapter 1

Introduction

The spinning top, a rigid body moving around a fixed point iroanlbgeneous gravity field, is a famous
topic in classical mechanics. Its non-linear equations ofiom are the well known Kirchhoff equations,
whose discretization and hence actual calculation is tofice present work. In order to achieve quality
path discretizations it is advisable to use all present kedge of the mechanical system, e. g. the fact
that they preserve their energy, and hence have a so calégptahof motion. Yet the Kirchhoff equations
have only two such integrals, so they are not integrable la@ibtis no integrable discretizations as well.
There are, though, integrable special cases of spinningittjpn. One of them is the Lagrange top, a
rotationally symmetric body with the fixed point on the syntimexis. Then the third component of the
vector of angular momentum in the body frame (a frame firmtgcited to the body and the origin at
the fixed point) is a third integral of motion, additional teetenergy and third component of the angular
momentum in the rest frame (a frame constant in time, so beagtavity is parallel to the third axis),
which are always constant. This assures its complete @ibddy. But only recently Prof. A. |. Bobenko
and Prof. Yu. B. Suris found an integrable discretizatiartifie Lagrange tops path. IBE0Q, they used
the following

Theorem 1.1(Kirchhoffs kinetic analogy) The paths of Lagrange top body frames are in a one to one
correspondence to the frames of elastic curves.

to derive an integrability preserving discretization, elhwill be called theBobenko-Suris discretiza-
tion from now on. Elastic curves are thereby curves that minirthizé& bending energy for fixed length,
boundary points and velocity vectors at the boundary.

Comparison of theBobenko-Surisdiscretization to numerical ones In the present work now a qualita-
tive assessment of this discretization is done. This isexelti with an actual calculation and visualization
in aJava™ application calledop Visualization To have a comparison to existing discretizations, the tops
paths are calculated in essentially three different waysdientical initial data: once with a very small
discretization step length parametdo have a result close to the "real”, the continuous one;rskwith
a known numerical discretization with a bigggli. e. to have a really discrete motion; and third with the
integrable discretization with again a kig

As result, two things turn out clearly. First tlB®benko-Suris discretizatidras a flaw. Denotingn
the vector of angular momentumthe vector pointing to the center of mass gnithe gravity vector, all
in the rest frame, thBobenko-Surigiscretization doesot preserve the energy of the Lagrange top

H = §<m,m>+<a,p>.
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Figure 1.1: Errors in the energy for the numerical andBbbenko-Suris discretizatioin the beginning
the numerical error is small, but it propagates somewhad@ii@ so it surpasses the oscillating error in
the integrable case eventually.

Instead it preserves the term

H. = % (m,m) + (a,p) + % (a x m,p).
The additional term causes a quite high deviation from tlaéerergy, which in turn results in an error
in the tops body frame. So the calculated path is a differeet foom the continuous, which shows
itself already after short time periods. Nontheless, tlw®sé observation is that, though the numerical
discretization is always better in the beginning, eveytitd errors will exceed the ones of the integrable
discretization. In figureél.1it can be seen that the numerical error propagation is sowtegradratic,
whereas the error in tHe@obenko-Suris discretizatiarscillates.

Visualizations Once the program was written to find these results, it leaffite enhance its function-
ality to other interesting visualizations. There are naw,ifistance, two more integrable cases of rigid
body motion visualized, namely th@walewskiand theGoryachev-Chaplygitops?

In order to visualize them, the numerical calculation of tityg motion was implemented for general
spinning tops. For that it proved useful to find a form of theckihoff equations in the rest frame, which
reads

W' AN Aw x w+ M -p x a) where
A = Iy-NN'+1Ip-BB'+ I -TT"

Therebyw is the vector of angular velocity/1 the total mass,V, B, T') the body frame andy, Iz,
I the principal moments of inertia of the body. The gravityteeds then the (constant) third rest frame
vector and the path of the body frame can be reproduceddrom

Furthermore there is a visualization of Kirchhoffs kinetitalogyl.1and also of its generalization to
elastic rods, i. e. when including a twist energy as penédityorsion of the rod. Elastic curves then are
isotropic elastic rods, which have a symmetric cross sec¢gog. round or square). The generalization
is then that elastic rods in general correspond to spinmipg with the fixed point on one of its principal
axes. Now, there are Kowalewski and Goryachev-Chaplygis teith that property, so there exists a
corresponding elastic rod. These corresponding objeetsiaualized together in thEop Visualization

1The last integrable case is the Euler top, having its fixedtpaithe center of mass. But this one is already well knownrad
very interesting to visualize.
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(b) A Lagrange top with its precession and nutation visu-
(anisotropic) elastic rod. alized in the so calledpex trace

Figure 1.2: Example visualizations.

program, and also the isotropic elastic rods corresponttingagrange tops can be studied. For an
example of a Goryachev-Chaplygin top with its correspogeiastic rod see figure.2(a)

Studying spinning top motions is not limited to special casi¢her in theTop Visualizatioprogram.
One starts with a certain quader, but can edit it to arbiteaugder with arbitrary fixed points; and since
the motion of spinning tops is determined by its fixed poird &s principal moment of inertia, the motion
of the body frame of every spinning top can be seen.

Finally there is a visualization of the typical 2-periodielaviour of the symmetry axis of Lagrange
tops, the so called precession and nutation. Thereforedime @f intersection of the symmetry axis with
a sphere around the bodys fixed point is drawn and connectatgt motion step. This so calleghex
tracecan be seen at an example in figar(b)

The thesis is organized as follows:

In chapter2 the basics about spinning tops in general and the Lagramg tepecial are recalled.
In examples these are applied to quader, which are the $pasa of spinning tops used in tiiep
Visualizationprogram.

Chapter3 is devoted to the continuous dynamics of spinning tops. & basic variational principles
and the matrix groupsu(2) and SU(2) are recalled, with whose help the formulation of Kirchhoffs
equations in the rest frame is then derived. Further thevalion of Kirchhoffs kinetic analogy and its
generalization is given at the end of this chapter.

Chapter4 is devoted to the different discretizations of the pathspifising tops. First the basic
facts on the numerical discretization used in T Visualizatiorprogram are given, then the integrable
discretization found by Prof. A. I. Bobenko and Prof. Yu. BiriS is presented. For its derivation see the
original paper BS0Q.

The complete description, functionality and features oé ffop Visualizationprogram are
given in chapter5. The program can be found on the CD attached to the back cowvefter
http://www.math.tu-berlin.de/"bodack  or as webstart application under
http://www.math.tu-berlin.de/geometrie/ps/softwaném| and used to compare the discretizations
oneself.

The results of an exemplary comparison are given in ch@pt&urther there are the results of two
other, non-repeatable experiments given in chaptehich give additional insight into the properties of
the Bobenko-Suris discretization


http://www.math.tu-berlin.de/~bodack
http://www.math.tu-berlin.de/geometrie/ps/software.shtml
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Chapter 2

The Spinning Top

2.1 Definition

Definition. A rigid bodyis a set of points in euclidean space which move in time andepve their
distance, i. e.
llx(t) — y(t)]| = const Vi (2.1)

wheret is the time and: andy two points of the body moving with Or more preciselyy,y : T — R3,
t— x(t), t — y(t), t € T are continuous functions.

Definition. A fixed pointis a point in euclidean space which stays constant in time.

Definition. A spinning topis a rigid body in a homogeneougravitational field that moves around a
fixed point, i. e.
|z(t) — O|| = const Vi, x, y (2.2)

whereQ is the fixed point and: a point of the body.

Example.The spinning top used in thi®p Visualizatiomprogram desribed in chaptgis a homogeneous
quader, the fixed pointis at the origin and (in most of the eérachcases) at the center of one of the quader
faces. See figure. 1

2.2 Motion, vector of angular velocity, vector of angular manen-
tum

Definition. Thevector of angular velocitat timet of a rigid body rotating around the origin is the vector
w(t) € R3 that satisfies
z(t) = w(t) x x(t) (2.3)

for all points of the body.

Remark.The general case of motion of a rigid body can be describeddigpdacement of the center of
mass of the body plus a rotation around it.

The spinning top motion is limited to a rotation around thediyoint and is therefore determined by
three independent variables. Knowledge of the instantasexation axis and the rotation speed therefore

lconstant
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Figure 2.2: Quader with its vector of angular velocity.

completely suffices. It can be unified in thector of angular velocitywhich points in the direction of
the rotation axis and has the length of the rotation speead.ulsually denoted witv. The direction of
the vector can be determined by ttight hand rulée.

Example.The vector of angular velocity in thEop Visualizatiorprogram is blue. See figuge2.
Definition. Thevector of angular momentum(t) of a pointz(¢) with massM is defined by
m(t) = z(t) x Mi(t),

i. e. the cross product of the point with ltsear momentum.
For a body within the are® with mass density functiop(q) the vector of angular momentum is

m(t) = / a(t) x p(q) d(t) dg.

\4

2point your right thumb up, curl the other fingers, they shoevdhrection of the rotation.
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Figure 2.3: Quader with its vector of angular velocity (§laad vector of angular momentum (green).

Example.The vector of angular momentum in tfiep Visualizatiorprogram is green. See figu?e3.

2.3 Moments of inertia, inertia tensor, body frame

2.3.1 General

Definition. Themoment of inertiaof a body wrt an axis is

I = / p(q) i (q) dg (2.4)

v

wherep is the density function of the body, c R? a region containing the body amgq) the distance
of ¢ to thel axis?

Remark.Physically the moment of inertia is for a rotational accafien what the mass is for a rectilinear
one. Itis a measure for the resistance against accelethgrgpdy around the axis

There is a connection between thector of angular velocitythe vector of angular momentuand
themoments of inertiaf a body, the so callemhertia tensor It will prove useful to unite almoments of
inertia of a body rotating around a fixed point and yield tiwdy frameof the body, with whose help the
calculation of the body motion will be much simplified.

Definition. Theinertia tensorof a rigid body is that linear mapping which maps the body’sector of
angular velocityto its vector of angular momentum e.

m=Jw. (2.5)

Remark(Existence and calculation)f the body is contained in the regidn and has density functiop

3For a body containing only a finite number of points the ireéghanges to a sum.
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then in shortened notation:

m = q % p(q) ¢dq

p(q) - g x (wx q)dg

~
o

IS
S T T

p(q) - (w (¢:9) —q <q,w>) dq

N

(

D /p(q)~<<q,Q>E(3)*q-qt) dg-w

\%4

TherebyE(3) denotes the unié x 3 matrix. Further thébac-cabrule
x (bxc¢)=bla,c)y—c(a,b) (2.6)

and
{a,bya = (a-a")-b (2.7)
were used. Hence

J= /p(q) - ((q,q>E(3) —q-qt) dg.

The latter integral depends on the origin of the chosen éoatel system (the fixed point), sbdoes too.

Now for a given body the vector of angular momentum can beutatied from the vector of angular
velocity and vice versa. The connection between the ingtiaor and the moments of inertia clarifies
the following

Lemma 2.1. Let J be the inertia tensor of a body wrt the fixed point (the originjl/ an axis through
the origin, then the moment of inertia of the body g

Il:ﬁ-J-f:<ﬁJf> (2.8)

wherel is a unit vector spanning

Proof.

(i) -

b
»Q

q>E(3)q-qt)dq~f>
3)*q~qt)~l>dq

p(q qq ll}—l}qqtf)dq

/p(q)(<q,q> ~(La)(a1))d

\%4

I
\<\ =
5N

Sincery, the distance of the pointto the axid, satisfies

r*(q) = <q7q> - <q7l>2 (2.9)
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(Pythagorean theorem) we get

14
|
Another interesting property of the inertia tensor givesftbllowing
Lemma 2.2. The inertia tensot/ is symmetric.
Proof. It is to show that for arbitrary vectorsandb it holds
(a, Jb) = (Ja,b).
Now
(a,Jb) = <a,/p(Q)(<q,Q> E(3)*q-qt) dq~b>
14
= <a,/p(Q)(<q,Q>bq~qt~b) dq>
14
= /P(Q) <a, ((q,q>b—q<q7b>)> dg
14
2.
2 [ pla) aax (bx 0)) da
14
= /p(q) (bx g,axq)dg, (2.10)
14
where the last step is the circular symmetry of the tripléasgaroduct (the determinant).
The fact that the last expression is symmetric waindb completes the proof. O

As a first conclusion, one can calculate the kinetic energghefbody with the help of the inertia
tensor.

Corollary 2.3. Let arigid body be fixed at the origid, be its inertia tensor at the origin and its vector
of angular velocity, then the kinetic energy of the body is

T= % (w, Jw) . (2.11)
Proof. Using equationZ.10 one gets
1 1
3w Jw) = 5 [ pla)(wxg,wxq)dg

p(q) (¢, 4) dg

|~

S S

and the last expression is mass times velocity squaredategfjover the body, hence the kinetic energy.
O
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Figure 2.4: The bodyframe of a quader.

Further the symmetry of the inertia tensor implies thatetetists an orthogonal frame of Eigenvec-
tors of J. Itis called:

Definition. Thebody frameof a rigid body is a positively oriented orthonormal frame=igenvectors of
the inertia tensor of the body at the fixed point. The axesmspéiby the fixed point and the Eigenvectors
are calledprincipal axesthe corresponding moments of inentiancipal moments of inertia

In the present work the (vectors of the) body frame will beated by

(N, B,T)

and for distinction a stationary frame with the same origid arientation will be called gest frameand
denoted by

(61,62,63).

Example.For the body frame of a quader with fixed point at the centemef af its faces see figutz4.
The red arrows are the basis vectdfs B andT' of the body frame. Note that they are parallel to the
quaders edges. The derivation of this result will follovelathis section.

2.3.2 Application to a quader, notations

In this subsection proper notations for handling a quadén wnit density and the fixed point at the
center of one of its faces are introduced, with which the massnents of inertia and inertia tensor can
be expressed more easily. Alongside some theory that hélpshe necessary calculations is provided.

First, the principal axes and hence the body frame of a quadets center of mass are calculated.
Recall that, if the fixed point is at the origin, the inertiager is

Jo = /p(q) (<q,q> E@3)—q-q")dg,

1%

wheregq is the position vector wrt a coordinate system witlas origin. Unit density means= 1. A
reasonable choice of a basis is a positively oriented odiral basis with vectors parallel to the quader
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K

(CN! CEI! CT)

/B

=

N

| E - - - -

(CNJ-CB!-CT)

Figure 2.5: Quader coordinates in the body frame wrt theeraftmass.

axes, see figurd.5. This frame will turn out to be the body frame, so it can be deddy (N, B, T).
Then the vertices of the quader are determined by a set diy@osumbergCy,Cp,Cr) € R, see
again figure2.5.

In these coordinates, the rotation from the rest to the boainé has Jacobian 1, it holds

Cy Cp Cr
o= [ [ [ @orE®-addmdnda
—.CN—.CB—CT
Oy C5 Cr (@24 qd —qop1 —qog2
= / / / —qq1 @+ ¢ —qq2 | dgodgi dgo

Lo b \—00%2  —q1q2 G+ G
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Evaluating fori # j # k # i

CN CB CT CN CB CT
(¢ +¢)dgodqrdg, = 8- / / /(qi2 + ¢;) dgodgqidgs
—Cn —Cp —Cr 0 0 0
Cj
- 80/[1% -Q]Ci dg
= k 3‘11' 4q:q; #i=0 4a;
0
< o
C;
= 8C;€Cl/(?+q32)dq]
0
C? 1 1%
= 8001{—1 —3}
k 3 q] + 3qj quO
8- Cn-Cp-C
_ N X B T(Ci2+cj2)
and
Cny Cp Cr Cj
1, 10
(—¢iqj) dgodqidge = 2-Cy {*5%%]({:70 dqo dg;
—Cn —Cp —Cr -y ' '
Cj
1 2 1 2
= 2:C [ (- 35C%+5C%) daodg;
e
=0
gives
M 032 + CT2 0 0
o= 0 Cn® + Cr? 0
0 0 CN2 + 032

The fact thatJ, is already diagonal in the fran{éV, B, T") shows that this is indeed the body frame
wrt the center of mass. The mass of the qualler= 8 - C - Cp - Cp can be immediately seen from
figure2.5, since it has unit density.

An example for such a body frame of a quader visualized inTde Visualizatiorprogram can be
seen in figure.6.

Now a summary of notations:

Definition (Notations) The coordinates of the vertices of the quader in the bodyérare determined
by a set of positive numbet€'y, Cz, Cr) € R%. This set will be called theoordinates of the quader
or quader coordinatesSee figure.5. Coordinates of vectors wrt the restframe will get smatklet, wrt
the bodyframe big ones, e. g.
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Figure 2.6: Body frame wrt the center of mass of a quader.

(N,B,T) the body frame
(e1,e2,e3) the restframe

radius vector of a point in the rest frame

radius vector of a point in the body frame
vector of angular velocity in the rest frame
vector of angular velocity in the body frame
vector of angular momentum in the rest frame
vector of angular momentum in the body frame
gravity vector in the rest frame (s constant)
gravity vector in the body frame

the mass of the body
(principal) moment of inertia wrt the axis spanneddyy

~X e 3 0e0a

The results so far are useful for rotations around the cefterass. For arbitrary fixed points one
needs the inertia tensor at an arbitrary point. But this sleaalculated with the following two state-
ments.

Theorem 2.4(Parallel axes theorem or Huygens-Steiners thearémi) be an axis passing through the
center of mass of a body ands an axis parallel tol, then the moments of inertia of the body wrt those
axes satisfy

Iy=0+M-d* (2.12)

whered is the distance between thand s axes, see figurg.7(a)

Proof. By the law of cosines
r2(q) = d* +17(q) — 2dri(q) cos ¢

wherer;(q) is the distance of to [, rs(¢) the distance of to s and ¢ the angle like in figure.7(b)
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d
v
i s
(a) Viewed in a plane spanned by the axes. (b) Viewed in a plane perpendicular to the axes.
Figure 2.7: Body with two parallel rotation axes.
Hence
I, = /p(q) r2(q) dg
%4
= /p(q) d*dg + /p(q) r7(q)dg — 2//)(61) dri(q) cos pdg
1% 14 1%
= & /p(q) dg + /P(Q) r7(q)dg — 2d/ﬁ(f1) 71(q) cos pdg
14 Vv 14

= M@+ -2 | playnla)cossds
1%

So it suffices to show that

[ r@ymia)cos pda =0 (2.13)
14
By definition of the center of mass,
1
= — dg.
= / p(q) qdq
14

Choosing a coordinate system with the origin at the centerasfsa and! pointing inz-direction, further
expressingy in cylindrical coordinates, one gets

77 COS ¢
0= [ pla) | rising | dg
v z
whose first coordinate is the desired equati®i . O

Corollary 2.5. Leta be the center of mass of a rigid body afig its inertia tensor,p another point
displaced fromu by the vectorand.J, the body’s inertia tensor wit. Then

Jp = Ja+M(<F,F}E(3) —F-Ft) (2.14)
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Figure 2.8: Inertia tensor wrt the center of mass and a segoimd p.
whereFE(3) is the 3x3 unit matrix. See figuge8.

Proof. The moment of inertia of the body wrt the axis through the eenf massa pointing in the
direction of a unit vectofs is

By the parallel axes theorem,
Now,

and hence

O

Corollary 2.6. For a quader with quader coordinaté§’y, Cz, Cr) in body frame(N, B, T') attached
to the center of mass, the point with coordingi@g), —C'r) lies on the center of one of the quader faces.
The inertia tensor of the quader wrt this point is

Cp* + (207)° 0 0

M ) )

J = 3 0 Cn™ 4+ (2C7) 0 .
0 0 On® + Cp°
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Proof. Itis clear that the point lies at the center of a quader face ke inertia tensor one gets with the
preceding corollary

J = Ja+M(<F,F)E(3)7F~f‘)
M Cp? 4 Cr? 0 0 00 0
- 2 2 2 .
0 0 Cn? + Cp? 00 C%
Cs? + (207)? 0 0
M 2 2
= 3 0 Cn™ + (2C7) 0
0 0 CN2+032

O

SinceJ stayed diagonal, the body frame stays the same, but is jiasthad to the new fixed point
(0,0, —Cr). See again figurg.4. In theTop Visualizatiorprogram this point is the fixed point and this
inertia tensor the one relevant for the body motion.

2.4 The Lagrange top

Definition. A Lagrange togds a spinning top which is symmetric wrt a rotatfcaround an axis through
the fixed point.

Remark. The rotational symmetry implies that the center of mass ebibdy lies on the symmetry axis.
Would it lie elsewhere it would move during the rotation ahd body could not be the same as before.

The Lagrange top is an interesting case of rigid body motioeesit is integrable. More about that
will follow in the next chapter.

Example.A homogeneousquader with coordinate®’x, C, Cr) is mapped to itself by a rotation by
the angler/2 aroundT’, the third axis of the body frame. Hence, if the fixed poins lan that axis, the
quader is a Lagrange top. See figar@.

The Lagrange top visualized in tHep Visualizatiorprogram has the fixed point atCr - 7" which
is (0,0, —C7) in body frame coordinates.

4The body is mapped to itself by a rotation &y /n for ann > 2.
SConstant density function.



2.4. THE LAGRANGE TOP

Figure 2.9: A Lagrange top.
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Chapter 3

Dynamics

In this section the (continuous) equations of motion of aspig top in the rest franteare derived.
Therefore the necessary variational principals and theggnef the spinning top are recalled. For a
simplification of calculations an isomorphism betwegh and the matrix groupu(2) as well as the
motion groupSO(3) andSU (2) are introduced.

Further the analogies between Lagrange tops and elastiex(Kirchhoffs analogy) as well as spin-
ning tops and elastic rods are presented. The former sesvitt@uiding idea for finding an integrable
discretization of the Lagrange top, as describedB68Q(J and implemented in th&op Visualization
program.

3.1 \Variational principals

Definition. Let
L:R"xR" x [ty,t1] — R
(p:q,t) — L(p,q,t)
be a twice differentiable functional. Then a twice diffetiahle curve
f:la,b]—R"

is called arextremal of the functional

ﬂﬂ:/uﬂmf@ﬁ&

if it minimizes S over the set of all twice differentiable funtions @@, ¢1] with the same values gsat
to andty.

Theorem 3.1(Hamilton’s principal of least action)Motions of mechanical systefsoincide with ex-
tremals of the functional

to

1The equations of motion in the body frame are the well knowretitioff equations, but a rest frame formulation will prove
useful for finding a numerical solution.
2Systems in which Newtons equations of motion hold.

19
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where
L=T-U
is the difference between the kinetic and the potentialg@neahe so called.agrange functioror La-

grangian

Proof. Omitted. See e. gArn]. O

Definition. A variationof a curvef : [to, t1] — R™, ¢ — f(t) is a twice differentiable function

fa : [ﬁo,tl] X [—6,6] — R”
(t,e) +— fe(t,e)

that satisfies
fg(t70) = f(lf) Vvt € [ﬁo,tl],

fe(to,e) = f(to) Ve € [—¢, €]
and
fe(ti,e) = f(t1) Ve € [—¢, €.

Lemma 3.2. An extremalf (¢) of a functionalS( f) satisfies

ty

L Lt e), 1t e), ) dt

0=—
de
to e=0

for all variations f. of f.

Proof. Omitted. See e. gArn]. O

Lemma 3.3 (Fundamental lemma of calculus of variation#f)a continuous functiorf : [to,#1] — R
satisfies

t1

/f(t)h(t) dt =0

to

for all continuous functiork(t) with h(to) = h(t1) = 0, then

Proof. Omitted. See e. gArn]. O

Remark.With the stated principals one can already find the equatibnsotion of a spinning top. The
function f is the position of the top at time i. e. the rotation from the rest frame to the body frame.
But dealing with rotations is much more convenient in the gieup SU(2) and its Lie algebrau(2)
compared to the rotation grouf)(3) andso(3). The isomorphism between them is introduced in short
in the next chapter, for more details s&9f).
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3.2 Rotation inR3, su(2) and SU(2)

3.2.1 The vector spacsu(2)
The set of skew symmetric complex two by two matrices witkheraero
su(2) :={A e gl(2,C), A" = —A,tr(A) =)}

is a vector space and

1[0 i C1/0 -1 C1/-i 0
=5\ 0)27 31 0)7 3 0

a basig of su(2), since

tr(A) =0 a=-0
=Acsu2) = A= o ftiy = —2ye; — 20ez —2ae3  «, 5,7 € R.
—04+iy —ia T
This gives an isomorphism betwe&? and su(2). |. e. a vectorr = (1, z2,23) is identified with
the matrixz = 1 < ~Ws T2 7)) and all operations ifR® can as well be carries out with the
Xog — 11 13

corresponding operations iu(2). From now on the same notations will be used for vectoi&irand
their correspondingu(2) matrices.
The scalar product induced froR? can be calculated as

(x,y) = —2tr(zy),

since then
1/0 —i 1/0 —i
enen) = 2”(5 (—i 0> ) <—i 0 ))
1 /-1 0
- 2”(1 ( 0 —1>>
= 1
and similar
<€2762> - <€3,€3> =1
as well as

e = =i (5 5)-C )
()

3This basis was chosen in such a way, that the matrix commutélta@orrespond to the cross product.
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and similar
(e2,e3) = (e1,e3) = 0.
Defining the matrix commutator
[x,y] =Y —yx $,y65u(2>,

then the corresponding vectors satisfy
xxy = [z,y].

Proof.

[v,y] = wy—yx

o 1 —iwg —T — ’L'.”L’l 1 —iyg —Y2 — ’iyl
2\ @ —im i3 2 \y2 — iy Y3

71 —’iy3 —Y2 — ’iyl 1 —’L'.”L’3 —T — ’L'.”L’l
2 \Y2 — Y1 1Y3 2 \z2 —ix; i3

_ L (—wsys — woyp — zayr — i(21y2 — 22y1) —(w3y1 — 1y3) — i(z2y3 — ¥3y2)
4 (z3y1 — w1y3) — i(v2ys — T3y2) —23Yy3 — T2y2 — T1y1 + 1(T1Y2 — T2y1)
_1 —T3Y3 — T2y2 — T1Y1 + i(T1Y2 — T2Y1) (z3y1 — 21y3) + i(x2ys — T3Y2)
4 —(z3y1 — 21y3) +i(T2y3 — T3Y2) —T3Yy3 — TaY2 — T1Y1 — 1(T1y2 — T2y1)
_ 1 —i(z1y2 — T211) —(z3y1 — x1y3) — i(w2y3 — T3Y2)
2 \(z3y1 — w1y3) — i(v2y3 — T3Y2) i(r1y2 — w231)
vector T2Ys — T3Y2

form

= T3y — T1Y3
T1Y2 — T2Y1
= T Xy

Further note that )
€i€; = ifijkek (31)

wheree;;, is the totally antisymmetric tensor withy;2 = 1.

3.2.2 The matrix group SU(2)

The set of unitary two by two matricis with determinant one
SU(2):={Ae€gl(2,C),A"A = Id, det(A) = 1}
is a matrix group, with which rotations iR* can be conveniently described:

Theorem 3.4. A vectorX € R? rotated around a unit vectér/ € R, (V, V) = 1 by the anglex € R
can be described in terms ofi(2) and SU(2) as

X d7 XD € su(2),

whereSU(2) > ® = cos § - 1d(2) + sin §V. @, ® € SU(2) describe the same rotation if and only if
they satisfyd = +0.

40r more precisely around the axis through the origin spatyed.
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Proof. Omitted here, see e. 306 O
Theorem 3.5.Let F = (N, B, T) : [to, t:] — SO(3) be a differentiable motichin R?, then
1. there exists a differentiabfe : [to, 1] — SU(2) with
N & o7 led
B « & led
T — P& legd.
2. ®: [to,t1] — SU(2) is unique up to the transformatich — —o.

3. @ satisfiesd’ = UD whereU = kgeq — k1ea — Tes € su(2) and

k1 = (T',N) isthe geodesic curvature,
ky = (I',B) thenormal curvature and
T = (N',B) thetorsion

of the frame.
Proof. Only 3. will be proved here. Define therefoté := ®'®~! and show first/ € su(2). For every
invertible operator holds
30l =14 W el L e@ 1) =0
= (@71)/ — 7(1)71@/(1)717

together with
PcSU2) = =01
yields
((I)I(I)—l)* — ((I)—l)*(q)/)*
= P(P)-1
= O(d-1)
= oo o't
= 9ol

Further using

t— A(t), A(to) = 1d = %detA(t) =tr(A'(to))

t=to

one gets

tr(®e"1) = %det(@(t)@_l(to))

t=to

_ %det@(t))det(@”(to))
—_—

=1 =const. t=to

= 0

5(N, B, T) is a positive oriented orthonormal basis € [to, t1].
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andU € su(2). TherefordJ =a-e; +b- ey + ¢ es with

a = (Uey)
b = <Ua 62>
¢ = (Ues).
But
R1 = <T/7 N>
= (@ 'es®), (I)_161<I>>
_ —2tr( “leyd + )’62q>)q>*1elq>)
= —2tr(® ez’ e 1 d — DT D lege D)
AR e
tr(BAB)=tr(4) —2tr(esUey — Uesey)
tr(AB)Ztr(BA) —2tr(Uejes — Uesey)
3.1 o (-U2 - U2)
= 2tr(Uesg)
= - (U’ 62>
= —b
and similar
Ko =a, T=—cC

and therefore
U = koey — k1e9 — Tes.

O

Lemma 3.6. Let (IV, B, T) : [to,t1] — SO(3) and® : [to,t1] — SU(2) be corresponding rotations as
above/ its vector of angular velocity in the body frame andh the rest frame, then

0 = -9t (3.2)
w = -0 (3.3)

Proof. On the one hand by definition
N' =wx N = [w, N,
on the other hand

N' = (7 le @)
= -0 1D e d+ P legd
= 7100 1P — 1P D e D
= [@7'e1®, @710 = [N, ¢ D]
= [~ 19/ N,

which shows3.3. Since) = ®dwd !, see theorer.4part 1., we immediately g&t.2. O
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3.3 Energy of the spinning top

By corollary2.11the kinetic energy of a rigid body fixed ats

T= 5 <Wa Jrestframe : W> .

Since the scalar product does not change under a rotatidirtéc energy expressed in the body frame
is

1
T=5(QJ0).

where(2 is the vector of angular velocity anfithe inertia tensor in the body fran(&/’, B, T'), i. e.

with Iy, I, I7 the principal moments of inertia. Therefore
1
T= §(INQ?V + IQ% + Ir07).

The potential energy of the body is
U=M-g-h

where M is the total mass of the body,the gravity constant ankl the height of the center of magf
the body.

Given a gravity vectop pointing in the (positive) third coordinate direction ofthest frame and
having lengtty

p=g-es3,
further given the center of mass
= aj-e€x+ag-e3+as-es, (34)

((e1, e2, e3) being the rest frame), one gets
U=M-(p,a)y=M-g-as.

Finally the Lagrange function is

1
L=T-U= 5(INQQN + I5Q% + IrQ%) — M - (p,a). (3.5)

3.4 Equation of motion of the spinning top in the rest frame
Let the position of the quader He: [ty,t1] — SU(2),t — ®(t), then a variation of the position is
D [to,t1] X [—€, €] — SU(2)

(t,e) — D(t, ) := D(t)H(t, ¢)

6The homogeneous gravity field acts on the body as if the bodyalits mass concentrated at the center of mass.
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where

H: [to,t1] X [—€, €] — SU(2)
is differentiable and satisfies

H(tg,e) = H(t1,e) = H(t,0) = Id Vt,e. (3.6)

Under the variation only the body frame- and rest frame coatds change. Giving proper notations
and expressing the Lagrange function in body frame cootelsnane gets

1
Lé‘ = i(lNQ?VE,E+IBQQBE,5+ITQ%€,6)_M' <p7a5>

1
— §(IN (we, N2Y? + Ip (we, B)? + I (we, T2)?)
7M<p7ANN€+ABBs+ATTE>

= <<%IN (wg,N€>w€M'AN'p),Ne>
+<(%IB (we, BYw. — M- Ap ~p),Bs>

+ <(%IT (We, Te)we = M - Ap 'P)7T8>

(3.7)

By theorem3.1and lemmeB.2the motion of the spinning top satisfies

(3.8)

which is to be calculated in this chapter.
But first some observations. Denote

_ 0H(t,e)
KA

)

e=0

then from theoren3.5and equation3.6) follows n € su(2).
Further it follows from 8.6) that

n(to) = n(t1) =0,

H’ =0
e=0
and
OH! B
Oc le=0 T
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With that one gets for the variation of the vector of angukoeity

w
w

e

= —(oH)"Y(®H)'

= —H ' Yo'H+oH')
H Y (- 'o"\H -H'H
= H 'wH-H'H

1 1 ’
Lo <H1wa—H GOy O Hlai>

We

Oe Oe Oe Oe Oe

e=0
= wn—nw-—1
[wﬂ?] - 77/-

Furthermore

N, = & legd,
= H '®& lesdH
= H'NH
N, H H-1
aaa = (H‘lNa——i—a—NH)
(3

Oe Oe

=0 e=0

and analog

o5,
Oe

e=0

Now equation 8.8) can be solved. The calculation is carried out for fiecomponent of the Lagrange



28

CHAPTER 3.

function, the others are analog.

part. Int.

t1
d 1
d_E <(§IN <W8;NE> we — M- An 'P);N5> dt

to

e=0
t

F/d 1
/<d_€(§IN<W8;NE>w5_M'AN'p)aN5>+

to

1 d
<(§IN <W8aNa>ws - M- An 'P)a d_€N8> dt

e=0
t1

1 d d d
= /<§IN(<WE)NE> d_EwE + <d_€W8;N5>wa + <W8a d_ENE>w8)’N5>

to

<(%IN (w,N>wM~AN~p),[N,77]> dt

t1

DYNAMICS

+
e=0

_ / <§1N(<w,N> (st} =) + (o, n] =7, Ny + {w, [V, 77]>w,N> +

to

ST (N (], N — (M- Ay - p, N], )

t1

1

= [ S (sl V) = (0 ) + (ol N) — G N) o+ (V) +

to

(@), V) ) = (M- Ay - [p, N],m) dt

= /(IN<w,N>N,—77'> dt—/(M-AN'[p,N],n> dt

to to
ty

t:+/<1N((w,N>N’+<w’,N>N+<

(In {w,N) N, —n) .

to
ty

f/<M~AN~[p,N1,n> at

U(to)zg(tl):() /<IN(<W,N> N’ + NNt .w/) M- AN . [p7 N]777> dt

to

In the vector form this is

t1
0= [ (Ix(lN) N+ NN /) = M Ay - x No)

to

Since the direction of variationis arbitrary one can use lemma3and gets

0=Iy{w,N)N'+ NN*-w') = M- Ay -p x N.

w, N’
~
=wxXN

)N),n> dt
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Including all three coordinates this gets

0 = IN({w,NYN'+NN" ')+ Ig({w,B)B'+ BB"- ') + Ir({w, T)T' + TT" - ")

(In - NN + I - BB' + I - TT)w' + Iy (w, N)w x N
=:A

+lg{w,B)wx B+ Ip{(w,T)wxT —-—M-pxa
s Ay = (IN-NN'+4+1Ig-BB' +Ip - TTHw xw+ M- -pxa

—~

*

s = AN Awxw+M-pxa) (3.9)

o

This is the desired equation of motion of the spinning top@gether with (by definition)
N =wxN, B =wxB, B =wxDB

solved numerically and visualized in tiep Visualizatiorprogram.
In (x) was used that:

Lemma 3.7. A is invertible.
Proof. Letv € R?\{0} arbitrary. Then, withi ., Iz, I7 > 0,
vl'Av = INv'NNTv+ Igo" BBTv + ;0T TT

3 3 3
= IN(Z Nﬂ)i)2 + 1B (Z Bivi)Q + IT(Z Tivi)Q
=1 1=1 1=1

= IN <vaN>2+IB <vaB>2+IT <1),T>2
= IN’UZQV + IB’U% + IT’U%

> 0.
HenceA is positive definite and invertible. O

Remark. Another form of equations of motion of a rigid body around &dbpoint are Kirchhoffs equa-
tions

M = Mx((JM)+M-PxA
P = Px(J'M),

where all vectors are expressed in the body frame.

For computing numerical solutions, using them has a sedmaslvantage. When e. g. approximating
a solution at time + ¢ based on given initial data at tiienumerical algorithms evaluate the differential
equations at multiple points within the intervfal¢ + <]. In body frame formulation, the frame stays
constant and can be integrated to the new body frame attimagust usingu(¢). The present knowledge
aboutM and hencev at the additional points within the intervial ¢ + <] is lost.

This can be improved by a formulation of the equations of oroih rest frame coordinates, so they
can be solved simultaneously with the motion of the body &a&xpressed in the rest frame. I. e. solving
the first order system of ordinary differential equations

W o= AN Awxw+M-pxa)
N = wxN
B = wxB

T = wxT
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simultaneously yields far better results, even though titegrability of the last three equations is not
used by numerical methods.

3.5 Elastic curves and spinning tops

Definition. A framed curvés an immerseq arclength parametriz€durver : [0, L] — R? with a unit
normalfieldN : [0, L] — S2. (N, B := T x N, T := +') is the (orthonormal) frame of the curve.
Denote the values

k1 = (T',N) geodesic curvature
ke := (T’,B) normalcurvature
T := (N',B) torsion.

Definition. A framed curvey delivering an extremal

e to the functional :

S:/n%+li§+a72dx,
0
is called arisotropic elastic curver isotropic elastic rod

e to the functional
L

S = /Oélli% + gk + ar?dz,
0
is called amanisotropic elastic curver anisotropic elastic rod

wherea, a1, as € R, the boundary pointg(0) and~(L) and the frame&N, B, T') at the boundary points
are fixed.

Remark.Physically those are rods that exert a resistance againdtrizpand twisting« is in both cases

the resistance against twisting. The isotropic elastiveexerts the same resistance against bending the
rod in NV or B direction, meaning that the cross section of the rod is sytmmeén the anisotropic case

a1 andasy give different resistances like e. g. at a rod with rectaagatoss section. See figurési(a)
and3.1(b)

The boundary conditions make finding elastic curves an mdtgroblem with constraints. The
condition of fixed boundary points can be formulated as

L
/ Tdr— (4(L) ~1(0)) =0
0

and included in the functional with the Lagrange multipiérc R? as’

L
S:/n%+ng+a72+<2b,T> dz
0

"Equivalence class of regular (non-zero derivative) patesagions of the curve.
8lly'|l = 1.
9The constant part of the condition has no influence on thetianial problem.
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(a) Isotropic elastic curve. (b) Anisotropic elastic curve.

Figure 3.1: Elastic curves.

respectively
L

S = /alm% + ok + ar? + (20, T) du.
0
To establish a connection between elastic curves and swjtops the problem is reformulated in terms
of su(2) andSU(2) again.
As stated in theorer®.5for every framed curve there exists a unique rotation

®:[0,L] — SU(2)
taking the rest framéey, e2, e3) to (N, B, T)1°:
N=0"leg®d, B=0lesd, T =7 lesd

Then
N = (@ e ®+0 ey @
= o e >0 - PP e D
O ey, @D D
and similarly

B =& ey, @ 07D, T' =& ez, &' DD,

By lemma3.6Q2 = —&'®~ ! is the vector of angular velocity in the body franfe= (Qx, 25, Q7), and
one gets

k1= (T',N) = (& '[e3, '@ |0, 0 'e1 @) = ([-D'® ', es],e1) = (2 x e3,e1) = Qp
and similarly

so that the functional gets

L
S = / 0% + Q% + a0 + (20, T) dx (3.10)
0

10| expressed insu(2).
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respectively
L

S = /alfﬁv + Q% + aQF + (20, T) dz. (3.11)
0
So elastic curves deliver an extremals to those functiomhite the frames at the boundary poirdt§0)
and®(L) are fixed during variation.
But (3.11) is exactly twice the Lagrange function of the spinning t8) if and only if the center of

mass of the top is parallel toT’; thenb = ||a|| - p anda, a2, o take the roll of the principal moments of
inertia. And since the constant factbdoes not change the extremals of the functional, it holds:

Theorem 3.8. The paths of body frames of spinning tops with the center eraa one of its principal
axes is in a one-to-one correspondence to frames of ansotedastic curves.

Since for the Lagrange tofy = Ip andal|T, (3.10 multiplied by 21,, gets 8.5 and one has the
special case of:

Theorem 3.9(Kirchhoffs kinetic analogy) The paths of Lagrange top body frames are in a one-to-one
correspondence to frames of isotropic elastic curves.

These analogies are visualized in o Visualizatiorprogram as described in sectibry.
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Discretizations

4.1 Numerical discretizations

The path of the spinning top is an ordinary differential égpra(ODE), it depends only on time. In
numerical analysis there are various methods of approkiigéte solutions of ODEs by approximating
its derivatives with the help of finite differences. Depergddn the chosen method and the given tolerance
parameters, these solutions are more or less accurate.n Benieral they do not use the fact, that in
Hamiltonian systems there is an underlying structure thatccgive more information about the motion.
This is one disadvantage of numerical discretizations @retbto the integrable discretization described
in the next section.

Further, for a given time discretization step length parame numerical discretizations evaluate the
ODE several times at points in the interyalt + <], making them much more demanding in terms of
calculation time and memaory.

4.1.1 Extrap - The Gragg-Burlisch-Stoer extrapolation algrithm

In the Top Visualizatiorprogram described in chapt®tthe integrable discretization is compared to the
Gragg-Burlisch-Stoer extrapolation algorithtinat will be calledExtrapin this thesis and in the program.

The algorithm is based on the explicit midpoint rule withpstéze control and order selection, see
[HNW]. Itis a very modern, probably one of the most sophisticatethods for solving ODEs.

Error tolerances and step size control Some details of thExtrapmethod from HNW] are cited here
in order to clarify the used error tolerances and the furadignof the step size control.
Let therefore

3'/1(1f) = fl(yl(t)a"'ayn(t)vt)

yn(t> = fn(yl(t>a cee ayn(t)vt)
be a system o ordinary first order differential equations,

heRy

33
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be an initial step size length (which may be chosen by the) aset

to, yi(to) €R

be the given initial data. Then thextrapmethod calculates two approximatiofg, + ») andy(to + h)

of y(to + h) based on estimation of the derivatives of fhevith the help of finite differences. Then an
estimate of the error for the less precise resuli(is + h) — y(to + h). Now the user wants that error to
satisfy

[g(to + h) —y(to + h)| < sci,  s¢; = Atol; + max(|y(to + h)|, [y(to + h)|) - Rtol;.

Relative errors are considered fdtol; = 0, absolute errors foRtol; = 0. Usually both are different
from zero in order to have a reasonable error tolerance emtignt of the values af;,. As a measure of
the error theExtrapmethod takes

n

err = \l % 3 (?7(7?0 + h)s;ﬁ(to + h))Q_

i=1

Theniferr < 1the step is accepted and a new step size is determined, degemnchow smalkrr was.
For details seeHNW]. If err > 1 the step is rejected and a smaller step size determinedywhith the
result will probably fulfill the required error tolerances.

When theExtrapmethod is applied to a quader in chaptend6 the tolerances are taken equal for
all components, i. edtol; = Atol, Rtol; = Rtol, Vi = 1,...,n, and alsedtol = Rtol are taken equal.

4.2 Integrable discretization by A. I. Bobenko and Yu. B. Surs

This section gives an outline of the integrable time diszagibn of the Lagrange top as derived B§0Q,
which will be called theBobenko-Suris discretizatian the present work. The derivations are made in a
scaled coordinate system that simplifies certain quasititiés scaling is first demonstrated at the example
of a quader. Then the used notations are recalled and fitnalyesults that were implemented in ffep
Visualizationprogram are cited.

4.2.1 Calculation in a scaled coordinate system

Recalling that in the body frame a Lagrange top with coorngisas desribed id.5has the inertia tensbr

COn?+ (2C7)° 0 0
M 5 9
J = ? 0 Cn° + (QCT) 0 ,
0 202

with
M =8CnCCr = 8C%Cr

0
A= o0 |,
Cr

one can simplify those by choosing appropriate units.

and center of mass coordinates

1In the Lagrange caséy = Cp.
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First scaling the length unit (calling the given length unitand the scaled or{é) by
llu=Crlu
the center of mass has coordinates 0
A=10],
1

wrt the scaled bodyfram@, €2, €3) = Cr(eq, ea, e3).
The (principal) moments of inertia have the ujtit? mu], mu being the mass unit. Thus by scaling

2

. 8&C
1mu = SCZ(C’JQ\,jLC%)mu

one gets in scaled coordinates

L=1, = %(Cf\,—l—C%)l?fmu
8C]2VCT 5 oy, 1o~ 3CT .
= ———(C C) (=1 -
S e
and
I3 = %(QCIQ\,)ZuQmu
20%, ~2
= o2 +NC% lu mu,
so that in scaled coordinates
1 0 0
J—10 1 0
202
00 zziez
or shorter
1 0 0
J=10 1 0 (4.1)
0 0 «

as used inBS0Q.
Of course in this new units the vector of angular momentunfrespectivelyM) and the gravity

vectorp have new coordinates, namely
MO\ lu? 3 Mo\ T lu

m = miq = mq
ma) 8CXOr(CX +CF) \ s

and M gets the same factor,
0 ZN
- u
2 COr 2
S T g S

lu 1
p:

o O O

The vector of angular velocity has the unit&%2 and therefore remains the same.
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4.2.2 Notations

The calculations inBS0( are carried out in the Lie groulU (2) and the Lie algebrau(2), as described
in section3.2
Recalled in short, all used vectorslkt are carried over to elements @f(2) by the identification

T ) .
3 ! 1 —ix3 —T9 — 171
Resax=[axs | < = ) .

To — 1 1T3

2
T3

) € su(2).

Rotations inR? are identified with elements offU (2) according to theorer.4.
Now the notations used iBB0(J in the body framé are

k  discrete time index; € Z
¢ discrete time step length

ap ~ center of mass at timk, in scaled unit§jax|| =1 V&
p gravity vectorp = g - e; = const.
my  vector of angular momentum at tinke

gr  (rotation from rest- to) body frame at tinie
1 2 x 2unit matrix

« anisotropy parameter of the Lagrange top, ge#) (
¢ ¢ = {my,p) integral of mation (like in every homogeneous gravity field)

4.2.3 Results

Now theBobenko-Suris discretizatida given by the following two theorems.
Theorem 4.1. The discrete time evolution of a Lagrange top satisfies
mpp1 = My +e[p, ag]
ap+1 = (1 +€mk+1)ak(1+€mk+1)_1.

Theorem 4.2. The discrete time evolution of the framg can be determined from the linear difference
equation

Jk+1 = WkGk,
where thewy, are given by

tr(w
where
l—a a1 +ak
k= Mpyrtc
¢ . 1+ (a, agy1)
_ 2 ak, k4] g1 +ag
cl+{ag,apy1)  al+{(ag,ars1)’
and
2 1+ (ag, ax
tr(wg) = - =4/27 +<5202/4;12>'
1+ 5 (&, r)

20nly the results in term of the body frame are used here.
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This discretization is calculated and visualized in Toe Visualizatiorprogram described in chapter
5.
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Chapter 5

Calculation and the Top Visualization

This section is devoted to the actual calculation of the toptiom and its visualization in the
Top Visualizationprogram. It can be found on the CD attached to the back coveursr
der http://www.math.tu-berlin.de/"bodack It is also available as webstart application under
http://www.math.tu-berlin.de/geometrie/ps/softwaheml

5.1 JReality

The Top Visualizationprogram uses the jReality softwar€Ha], a 3D viewer in which the observer
controls an avatar moving in a virtual environment and eut&s with its content.

5.2 Move, look around, open panels

Move W, A, S, D.
Look around Hold the right mouse button and move the mouse.
Jump SPACE.
Toggle gravity G.

VR settings panel Doubleclick with the left mouse button on the scene floor. S=xion5.3.
Top Visualization panel Doubleclick with the left mouse button on the spinning tope Sectiorb.6.

5.3 Change jReality configuration

JReality configuration can be changed in ¥ settingganel, see figuré.1 It is opened with a dou-
bleclick on the scene floor.

A detailed description of JReality can be foundwatw.jreality.deg in particular in the contained/iki.

INote that JavB Vs. 1.5 or higher is required. Also the program is ratherriatein graphics and calculation, making it hard to
use on slow systems.
?Not related to the gravity accelerating the top.

39


http://www.math.tu-berlin.de/~bodack
http://www.math.tu-berlin.de/geometrie/ps/software.shtml
file:www.jreality.de

40 CHAPTER 5. CALCULATION AND THE TOP VISUALIZATION

[ 2] -VR-se't_ﬁh_gs S ¥ VR settings VR settings = B £
| env | terrain | tool | tex env_| terrain | tool | tex env | terrain | tool | tex
| align | app | align r app align app
size level e lines []reflection ————={ }—
I ® snow ) grace cross radius 7] tubes
ol O—
 desert ) emerald
points []reflection =—— J=
, ¥ [ & ) custom ) procedural radius =L} Renerey
I load
oz | & | [¥] faces [v] reflecting =——=_F—
Procedural
[] flat background [¥] transp
| align sun height ! [_| flat shading
(a) Object position. (b) Scene background. (c) Object appearance.

Figure 5.1: JReality configurations.

5.3.1 2D view of the scene

One special option to change the view of the scene is inclirddtke Top Visualization pangkee figure
5.2. The checkbowiew scene in (nearly) 2Bets the position of the observer away from the object and
increases the zoom factor. This way the contortion occgtiirira 3D viewer is diminished.

5.4 Loaded content: A Lagrange top example

At startup the program loads a Lagrange top example likeritestin chapte®, namely a quader with
fixed point at the center of one of its faces and quader coates\C'y, C'n, Cr). See e. g. figuré.5for
an explanation of these coordinates. Tog Visualization panedhould be loaded and visible, too.

5.5 Afirsttest run, the buttons Start/Stop and Step

Klick the Stepor theStart/Stogoutton. TheStepbutton makes the program calculate a single motion step,
whereas th&tart/Stogbutton starts a timer letting the program calculate the stefi after every certain
time period. This period is an internally stored variablkethdelay which is indirectly editable with the
speedslider described later in this chapter. Details of the ugeditare given in sectiof.8.5

5.6 Change top and motion settings

The parameters of the top and its motion can be changed inoih&/isualization panekee figures.2
Also various statistics are shown, depending on the loadetéot.

5.6.1 Rotate quader

Left click, hold and drag the quader faces or edges.

The resulting rotation changes in the initial body frame,k®eps the quader coordinates.

5.6.2 Change size

Left click, hold and drag one of the points that are not at aepof the face with the fixed point.
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general quader

(] arbitrary quader

J lagrange top

actual time | l]:— reset

stop time | I]:— infinity
Start/Stop || Step

] view scene in (nearly) 2D

0.1 set speed (time units per seQ 2

I P

epsilon l].lgl

& epsilon 2 H see Eps2Tab

0.01 set gravity 10

=0

] Kowalewski

_| Goryachev- Chaplygin

Figure 5.2: TheTop Visualization panelHere the parameters of the top and its motions can be set and
various statistics are shown.

This changes the quader coordinat€s;, Cz, Cr) in the body frame, see figu&e5, and hence the
mass

M=8-Cy-Cp-Cr

and also the moments of inertia, since the inertia tensdrdérbody frame is (see corolla?y6)

M Cp* + (2Cr)? 0 0
_ 2 2
J=3 0 Cn* + (2Cr) 0
0 0 Cn* + Cp?

5.6.3 Change fixed point

Click, hold and drag one of the quaders points with the middtaise button. The origin stays the
motions fixed point, the quaders position changes and afédgtseen from the quaders point of view,
this corresponds to a quader motion wrt a changed fixed point.

While dragging the quader, the principal axes of inerti@ (ody frame) and the center of mass of
the body are shown. See figlse3

The principal axes and moments of inertia are calculatekl thi¢ help of equatior?(14). Eigenvec-
tors and Eigenvalues are calculated with the packtje]].

Remark.Changing the quaders fixed pointis equivalent to changsnggibter of mass. This way, together
with changing the quader coordinates, the geometry of engiybody can be set, since it is determined
by the body’s center of mass and moments of inertia.
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Figure 5.3: Example for a quader with an arbitrary fixed poMbving the quader in the scene corre-
sponds to changing its fixed point, seen from the quaderg pbiriew.

5.6.4 Edit vector of kinetic momentum

Left click, hold and drag the tipof the green vector.
The vector of angular velocity (blue) is automatically uggabvia formula 2.5).

5.6.5 Epsilon, speed and gravity

Epsilon takes the role of the time discretization step length. Ehg.rhotion of a system traversing
t € [0, 1] with anepsilon = 0.02 is approximated alv = 50 equidistant time points.

Thespeed determines how fast the quader in the program should movectisely it sets a parameter

1000
delay = c

ms
speed

of the timer described in sectidn8.5and lets the program calculate a motion step more or less.ofte
The implementation of the timer allows onfglay € N, which is assured by only accepting certain
values forspeed. The details are omitted here.
Thegravity slider sets the length of the gravity vector, which pointsruihve scene, or ias-direction
of the rest frame. (It is not visible in thEop Visualizatiorprogram.) The higher the gravity the more the
body is accelerated in negativg-direction.

2The point that is not the fixed point.
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5.6.6 The Kowalewski and Goryachev-Chaplygin cases

Activating the corresponding checkbox edits the currerdgu such that it becomes a Kowalewski re-
spectively Goryachev-Chaplygin case of rigid body motidhese are furthet integrable spinning top
cases:

Definition. The Kowalewskicase is characterized by the principal moments of inertiisfsay
I, = I, = 215 and the center of mass lying in the plane spanned by the pehakes corresponding to
I andIQ.

In the Goryachev-Chaplygicase the center of mass lies in the same plane, the principalemts
of inertia satisfyl, = I, = 413 and additionally the vector of kinetic momentum is perpeuatdir to the
gravity vector (or alternatively the third component of treetor of kinetic momentum in the rest frame
mg iS Zero).

Denoting again the vector of angular momentumlas= (M;, M», M3) and the gravity vector as
p = (p1,p2, p3), then with appropriately scaled units the Hamiltorfignin theKowalewskicase

H = S(MF + M +203) — p,
and has the additional integral
K = (M2 — M2+ 2p1)? + 4(My Ms + p)?, (5.1)
in the Goryachev-Chaplyginase
H= %(Mf + M3+ 4M3) — 2p1,
which has the additional integral
G = M3(M? + M3) + 2Mps. (5.2)

This and more details can be found in e.BBEIM].

Example.In theTop Visualizatioprogram a Kowalewski and a Goryachev-Chaplygin case istagted
from a quader with fixed point at the center of one of its fateshe body framé N, B, T') the center of
mass lies on the axis spannedByhence i. e. in the plane spannedByndT'.

The quader with quader coordinaté€sy, Cz, Cr) € R} have the principal moments of inertia

_M
3

which means for the Kowalewski case

_M
3

M

I =3

(C% + (2CT)2)7 I (012\/ + (2CT)2)5 13 (012\/ + C%)a

2(Ch + (2C1)*) = CX + (201)* = CX + C3

1
& COr = 5037 Cn = V3Cp
and for the Goryachev-Chaplygin case

4(C% +(2C7)?) =C% + (2Cr)* = C% + C%

3In the spinning top case there exist four integrable caske.€Tler top has the fixed point at the center of mass, the hggra
top is described in sectiadh 4 and the remaining two cases are described here.
4The Legendre transform of the Lagrangian, ile= T + U, whereT is the kinetic and’ the potential energy.
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Figure 5.4: Special integrable top cases.

1
& Cr = §CB» Cy =V7C3y

with the additional condition ol = 0.

Hence, by clicking the checkboxes for those cases,Gustand Cr are adjusted t@'s (and in the
Goryachev-Chaplygin case additionally the vector of aaguhomentum). For examples see figures
5.4(a)and5.4(b)

The corresponding integrals of motibriiand5.2then appear next to the checkboxes and are recalcu-
lated every time a new motion step is performed. The ocagftirctuation is a measure of the exactness
of the used discretization (which is in this case Ex¢rapmethod).

Example. An exemplary course of the error in the integfélcan be seen in figurg.5. Thereby the
initial settings are the settings at startup of fog visualizatiorprogram, but with the quader adjusted
to a Kowalewski top by clicking th&owalewskicheckbox.c was0.1 and the error was plotted over a
period of300 time units.

The integral in the Goryachev-Chaplygin case shows a similar behaviour.

5.7 Elastic rods and the apex trace

The analogies stated in theoref8and3.9 can be observed in the mode of arbitrary quaders. Then the
tabRod & Apex traces availiable at which the elastic rod can be activated andigored. See figure
5.6

5.7.1 Kirchhoffs analogy visualized

If the quader is a Lagrange top, Kirchhoffs anal@9is visualized as follows:

As described in sectiofi.5 the motion of the Lagrange top body frame is the frame of atropic
elastic curve (or rod). Hence, by taking the body frame atyesiiscrete time step, moving it by to the
direction of7" (the third axis of the body frame, which points to the cenfenass) and connecting the
old and the new origin, one gets a discrete elastic rod.

But since that would move the frame away from the top, theiiig actually kept and instead all
former points moved in negative direction bys. This way the same rod appears and stays close to the

5The current time step length.
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Figure 5.5: An exemplary error of the Kowalewski integrahodtion K (¢) — K (0). A small error is a
quality measure of the used discretization. The total vafuewas in this settings approximatelys.

general | Diagrams | Rod & Apex Trace

away move elastic rod origin

L

elastic rod

reset elastic rod trace

1 set rod trace length 1000

I

apex trace

reset apex trace

1 set apex trace length 1000

—

Figure 5.6: TheRod & Apex Tracéab of theTop Visualizatiorpanel.
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Figure 5.7: A Lagrange top with its corresponding isotragastic rod.

top. See figur&.7. Also remark that the rod has a symmetric cross section theebending energy is
equal for all bending directions perpendiculaftpso that it really corresponds to a Lagrange top.

5.7.2 Analogy of tops and anisotropic elastic rods visualed

Analogy 3.8 between tops with gravity center on one of its principal axed anisotropic elastic rods
is visualized for the special cases of Kowalewski- and Gonga-Chaplygin tops that appear when the
corresponding checkboxes are activated, see figuB¢a)and5.8(b)

In both of these cases the center of mass lies on a princifgl @kis axis and a second one have
identical moments of inertia; the third axis, in whose dil@t the quader is stretched out, has half
respectively quarter the moment of inertia. Accordinglg tiending energy of the elastic rod is also
half/quarter, when rotating around this axis. This coroasfs to a rod with half/quarter the thickness in
the corresponding direction, see agaii(a)and5.8(b)

5.7.3 The apex trace visualized

The apex trace is the trace of the intersection point of thansgtry axis of a Lagrange top and a
sphere with the center at the fixed point. It shows two peciadotions, the nutation and precession,
see e. g.Arn]. Nutation is the periodic rise and fall of the apex tracesgassion its azimuthal motion,

see figures.9.

In the Top Visualizatiorprogram one can show the apex trace when in the arbitraryequadde,
but the quader still has to be a Lagrange top (i. e. has caatesCy, Cy, Cr)). Then, if not already
activated, klick theapex tracecheckbox in th&Rod & Apex traceab of theTop Visualization panel
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top.

Figure 5.8: Anisotropic elastic curves.

Figure 5.9: The apex trace of a Lagrange top, intersectidheofymmetry axis and a sphere around the
fixed point. The nutation is the periodic motion up and dowe, precession left and right.
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Figure 5.10: Quader with a duplicate of itself.

5.8 The Lagrange top mode

5.8.1 Same motion calculated with Bobenko-Suris discretiion

By clicking theLagrange topbutton in thegeneraltab of theTop Visualization panghe present quader
is resized to coordinates of the fori@'y, Cn, Cr) so that it gets a Lagrange top, see secfigh

Further a copy of the top is set into the scene at a certaiardiétfrom the original one, see figure
5.10

The motions of the two tops are calculated in different walys,yellow one on the right side like an
arbitrary quader with th&xtrapdiscretization, see sectighl.], the red quader with the integrable dis-
cretization by A. I. Bobenko and Yu. B. Suris, sk& The parameter used for the numerical discretization
were Atol = Rtol = 10~° and the standard initial step size/of= 0.1.

This way the two discretizations can be directly compargdséting the quader distance to zero with
the set quader distancslider the positions can be compared during or after theanotUnfortunately
the "true" motion is not known so a qualitative assessmettieftliscretizations is not yet possible. But
this can be achieved by introducing a second calculatignwigth c,, see later this section.

5.8.2 The stoptime

The timer stops when the actual time arrives at the stoptirhés is useful for repeated comparisons of
motions with different discretizations or discrete timepst.

If in Lagrange top mode and theps2checkbox is enabled, the stoptime is updated, everytim@bne
thee is changed. The update makes sure the stoptime is a commdpleaf the two different, so that
after the stoptime is reached the different quader indegd gane through the same time interval, see
figure5.12

6The distance can be varied with teet quader distancslider in thegeneraltab of theTop Visualization panel
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Figure 5.11: Langrange top mode with eps2 enabled. The tadepon the left side are calculated with
the Bobenko-Suris discretizatipthe ones on the right side numerically. The two with thickertices
were calculated witlh; = 0.01, so they resemble the continuous result. The quader witinénivertices
hade, = 0.2. Their difference from the others is (approximately) theoethat occurred in discretizing
the tops path. The vectors of angular momentum are greetorsexf angular velocity blue. Vectors with
thicker vertices correspond to the quader with thickerivest

5.8.3 Quader distance

In Lagrange topmode, the distance between the quader can be changed. Thisisvaasier to distinct
or compare the up to four different quader.

5.8.4 Epsilon2

In Lagrange top mode, one can compare the two discretizaéiotong each other, but not yet assess their
quality. This can be achieved with a second discretizatiep kength parameter. Choose e. gz, very
small and calculate the motion of the quader the result wilktlose to the continuous one. Computing at
the same time the motion of the quader with a laegebut identical initial settings, one gets the discrete
results and can compare them to the "continuous" ones. Seefid 1

Summarization of the different quader:
color position vertices discretization £  corresponding vectors

red left thick Bobenko-Suris ¢; left side, thick vertices
blue left thin Bobenko-Suris e5 left side, thin vertices
yellow right thick Extrap e1 right side, thick vertices
green right thin Extrap g2 right side, thin vertices

When the eps2 checkbox is enabled, two additional tabs aedadhich show the integrals of motion
and diagrams with statistics of the different quader. Féaitiesee sectio.9and chapte6.
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€1 €1 €1 €1 €1
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§ y N Y A ¥ A actual time
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stopTime

Figure 5.12: Functionality of the timer. Every time a mulijpf ¢, respectivelye, is reached, a motion
step of the corresponding quader is calculated. The stopisnfautomatically updated to) a common
multiple ofe; ande,. The actual time displayed in tH@p Visualizatiorprogram is only updated when
a multiple ofe; is reached.

5.8.5 The timer

In order to intuitively visualize motions of quader whosehsawere discretized with two different dis-
cretization step length parametersheTop Visualizatiorprogram uses a timer. Its functionality is shown
in figure5.12

5.9 Comparing discretizations, Eps2Tab and Diagrams tab

This section shows some possibilities to compare the nualetiscretization of the Lagrange tops path to
theBobenko-Surisne. Therefore theagrange top modhas to be activated. Also, to have a possibility
to compare the discrete paths to the "nearly continuouss,epeshould be enabled and (preferrabiy)
set very small.

Again the summarization of the different quader:

color position vertices discretization ¢  corresponding vectors

red left thick Bobenko-Suris ¢; left side, thick vertices
blue left thin Bobenko-Suris ¢, left side, thin vertices
yellow right thick Extrap e1 right side, thick vertices
green right thin Extrap g9 right side, thin vertices

5.9.1 Visual comparison

The simplest way to compare the discretizations is to juktutate the paths of the four tops and see
whether the discrete paths are close to the "continuouk$péte. , ife; was chosen small, the numerical
discretization is good if the green quader is close to thlyebne, theBobenko-Suris discretizatida
good if the blue quader is close to the red one.

An example for that can be seen in secttoh.2

5.9.2 Errorin the body frame

The Top Visualizatiorprogram provides an analytic measure of the correctnedseofuader position,
its body frame. It is described in secti@nl.3 calculated and visualized in the lower diagram in the
Diagramstab, see e. g. figure.14

Again the results of an exemplary experiment are given iticge6.1.3
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| general |[’_Ep52TaIJ Diagrams |

Bobenko [Suris numerical
discretization (Extrap)

epsilon =
0.01 RED YELLOW
epsilon2 =
0.2 BLUE GREEN

Integrals of Motion

E <m, p> <m, a>
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t= 0.0
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Figure 5.13: The value@n, p), (m,a) andE = 1 (m,w) + M (p, a) are calculated for the four different
quader and displayed in thigps2Tab The closer they stay to the initial valuetat= 0, the better the
discretization.

5.9.3 Integrals of motion

With the notations
m  vector of angular momentum

w vector of angular velocity
p gravity vector, pointing in positives-direction
a vector pointing to the center of mass

M mass of the top

the Lagrange top has the three integrals of motienp), (m,a) andE = 3 (m,w) + M (p,a).

I. e. in the continuous motion they stay constant. Therafdasea quality measure for a discretization if
these values indeed stay constant at the discrete path.

The three values are calculated for all four quader andalygul in theEps2Tahsee figuré.13 The
closer they stay to the initial value the better the diszegibn.

Further the differenc& — E, of the top energy to its initial value is visualized in the eppiagram
in the "Diagrams" tab. The values for the four different gerachn be observed seperately, see e. g. figure
5.14

For exemplary evaluations, see secttoh.4
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Figure 5.14: The upper diagrams shows the error in the ertéitipe different discretizations. The lower
one shows the measured error in the body frame. The errorseeahown seperatelyby activating the

corresponding checkboxes. The errors in the lower diagnalsnroake sense for the blue and the green
quader and it; was chosen small.
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Results

6.1 Comparison of theBobenko-Suris discretization to the Extrap
method

In this section th&obenko-Suris discretizatiaf the path of a Lagrange top is compared to a numerical
discretization, i. e. th&xtrap method of solving ordinary differential equations. Therefthe motion

of the top was calculated with the two different discreimatmethods and with two differeat The
initial settings were chosen arbitrary. One can repeattperéments in th&op Visualizatiorprogram.

At startup the quader have the same settings used for theieygue in this section.

6.1.1 Settings

In the experiments there are four different quader. Seedigurfor an example of the quader after they
already moved for 300 time units.

They all had the same position, the same size, density, Meicamgular momentum and gravity vector
at time zero.

For better distinction, they lie in two coordinate systemthwhifted origin. The two quader on the
left side, the red and the blue one, had their motion caledlaith theBobenko-Suris discretizatipthe
two on the right side, yellow and green, numerically.

On each side there is one quader with thicker vertices andmithethinner ones. The quader with
thick vertices, red on the left side and yellow on the riglesihad their motion calculated with the
parametet;. The quader with thin vertices with parameter

The experiment took place in thegrange top modwith a smalle;, so that the motions of the red
and yellow quader, both with thick vertices, resemble tha&iocoous motion.

The used numerical method Extrap implemented in the packagd@Bb], see sectiont.1.1, with
accuracy parameters aftol = Rtol = 10~° (chosen experimentally to balance calculation time and
accuracy) and the standard initial step sizéicf 0.1. This method showed a better performance than
e. g. theRunge-Kuttanethod of solving ordinary differential equations.

The data used for the experiment is:

€1 0.01
€9 0.2
gravity 1

quader coordinates (0.8, 0.8, 1)
vector of angular momentum (0.172, —1.862, 1.46)

53
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Figure 6.1: Four quader which had identical positions ab#gnning and whose motions were calculated
in four different ways for 300 time units. The two on the léfteswere calculated with thBobenko-Suris
discretizationthe two on the right side numerically. Quader with thicktices had parameter = 0.01,

the ones with thin vertices, = 0.2. The long green vectors are the corresponding vectors aflang

momentum, the shorter blue vectors are the vectors of angeilacity.
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Figure 6.2: Position of the quader after 50 time units. Thmeuical discretiations shows no visible
errors yet.

Finally, there are different vectors visible in the scenacttquader has its vector of angular momen-
tum (green and long in figuré.1) and its vector of angular velocity (blue and short). Thetoecwith
thicker vertices correspond to the quader with thickerieest This way one can compare the paths of
the vectors for different calculation step lengths

Summarization of the different quader:

color position vertices discretization ¢ corresponding vectors
red left thick Bobenko-Suris 0.01 left side, thick vertices
blue left thin Bobenko-Suris 0.2  left side, thin vertices
yellow right thick Extrap 0.01 right side, thick vertices
green right thin Extrap 0.2  right side, thin vertices

6.1.2 Visual results

After 50 time units the quader are in the positions seen in figuPeafter 300 time units see figufe3
and after 600 time units see figudel.

It can be seen that in the beginning the body frame calculatédthe Bobenko-Suris discretization
(blue, left side with thin vertices) differs more from itsolttinuous" position (red, left side with thick
vertices) than the one calculated wHixtrap (green, right side with thin vertices) is to its "continubus
counterpart (yellow, right side with thick vertices). Biiteat longer time periods this changes to the vice
versae. This will be analyzed further later this chapter.

6.1.3 Errorin the body frame

In this section the error in the body frame is investigatealically.
Denote therefore
(I)red7 (I)blue; (I)yellowa (I)green S SU(Q)

the rotation from the rest frame to the body frame of the poading quader. For a recall of the used
algebra see sectidh2
Then
SU(2) > Eps := ®puc®

red

is the rotation from the "continuous" red quader body framthe blue quader body frame. Henkg g
is the error in the body frame that occurred using a ligim the Bobenko-Suris discretization
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Figure 6.3: Position of the quader after 300 time units. Bliskretizations show more or less comparable
errors.

Figure 6.4: Position of the quader after 600 time units. Rbsieretizations show big errors, whereas the
integrable one is still somewhat closer to the "continuaasuilt.
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Figure 6.5: L(E), the length of the geodesic from E to N, assueaof the error in the body frame E.

Similarly let
SU(Q) S Epyt = (I)greenq)_l

yellow

be the error in the body frame that occurred using a higin the Extrapdiscretization.
To make these error matrices comparable, consider thevioipobservations. An arbitrary rotation
E € SU(2) can be written as

E = (a_ Z_)) a, beC
-b a

B ay +ias by +iby s
- (bl + Zb2 ap — ia2> @i bz €R

with

det(E) = 1
& al+as+bi+by = 1.

ThereforeEzs andEg,, correspond to vectors ifi*. The identity matrix, which corresponds to "no
error in the body frame", has, = 1 and ax = b; = by = 0, which is the north pole of the unit sphere
53. Hence the error in the body frame is the smaller the closardtresponding vector i6? lies to the
north pole. See figuré.5.

As a measure of the errors in the rest frame one can use ththlehthe geodesic from an error
matrix £ € S* to the north pole ofs*.

L: S — Rt
E — L(E) = {length of geodesic front to N'}
Since the geodesics @ are great circles and the length of a segment betwzand N is the included
angle, one gets

L(E) := £(E, N) = arccos % = arccos(ay) € [0, 7.



58 CHAPTER 6. RESULTS

0.125
0120 a
0.115 s
0110
0.105 e //

cieca

0.100
0.085 /

0.090 Eaa <&
0.085 /

0.080 -

0.075

0.070 /

0.065 pa

=/ S

0.050 \ ™\ /

[ AN ;
som| |\ \ S\
0.035 ’w' \\ / \ ’/
= ’f \ / S
e B \
nnm/

0.005

0.000 —
0.0 2.5 5.0 7.5 10.0 125 150 175 200 22,5 250 275 300 325 350 37.5 400 425 450 475 50.0 52.!

time t

error in body frame L(E)

|7 numerical error in body frame L(E_Ext) — Bobenko-5Suris error in body frame L(E_ES)|

Figure 6.6: Errorsin the body frame for= 0.2 after 50 time units. The error in the numerical discretiza-
tion is neglible compared to the one in the integrable disaton.

But since by theorem3.4 the error matrices iU (2) are only unique up t@ — +& and in the
implementation it cannot be determined, which one is oletim theTop Visualizatiorprogram||a, || is
used instead of;. Hence

m
L(E) := arccos(||a1]]) € [0, 5]

is used.

L(Eps) andL(Eg,:) are calculated and visualized in diagrams, see figbu&$.7 and6.8.

In both discretizations there seems to be a fluctuation anehal tthough in th&obenko-Suris dis-
cretizationthe trend seems almost linear, whereas in the numericat @mbre or less quadratic.

6.1.4 Error in the integrals of motion

With the notations
m  vector of angular momentum

w vector of angular velocity
p  gravity vector, pointing in positives-direction
a vector pointing to the center of mass
M mass of the top
the Lagrange top has the three integrals of motienp), (m,a) andE = 1 (m,w) + M (p, a).

In the experimentm, p) stays constant in both discretizations and foeall

The behaviour ofm, a) for ¢ = 0.2 can be seen in figuré.9. The seen value is the actuah, a)
minus the one at = 0. The integrable discretization yields as expected no simme it is an integral of
motion of theBobenko-Suris discretizatipgsee BS0J. In the numerical discretization the error small
but it is constantly increasing.

Another quality measure for the different discretizatiohthe tops path is the error in the energy of
the topE — Ey, Ey being the energy at = 0. The error in theBobenko-Suris discretizatisshows a
periodic behaviour proportional tg see figures.1Q

For a comparison to the error in the energy in the numericalrdtization see figur@11 The error
in the numerical discretization increases fast after lotigee periods, while the error in the integrable
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Figure 6.9: Behavior ofm, a) — (m, a) |;=o for e = 0.2 in the first 600 time units. In thBobenko-Suris
discretizationit is constant, in the numerical discretization the erramgll but steadily increases.
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Figure 6.11: Error in energ§ — Ey in both discretizations for, = 0.2. In the beginning the numerical
error is very small. Later it increases fast while the in&dde error stays oscillating.

case keeps oscillating constantly.
Reason for this oscillation is that this integrable diseegton has the discrete integral of motion
1, . o g . -
HE = 5 <mam> + <paa’> + 5 <a X map>a
see BS0(. Thereby the used values are the coordinates wrt the scaledlinate system, see section
4.2.1. The first two terms irfi. are the energy of the top in these coordinates. The Auiedeed stays
constant in the experiment which implies that the error sehergy in théBobenko-Suris discretization
is the additional terng (a x m, p).

6.1.5 Further Observations

In figure6.12the error in the energy of the top is opposed to the error ittty frame in theBobenko-
Suris discretizatiorior ¢ = 0.2. One can observe a correlation between the oscillating errenergy
caused by the term (@ x 7, p) and the oscillating part of the error in the body frame.

Moreover, the terng (a x 1, p) plays a central role for the quality of the integrable ditizegion.
E. g. using settings that increase this term, like a vect@angfular momentumm that is longer or more
perpendicular to the center of magsor a higher gravity constamtand hence a longer gravity vector
p, the exactness of the discrete motion decreases. See fiyaRmnd6.14for the results of a motion
with initial settings as above except of a gravity constdnj e= 10 and a vector of angular momentum
m = (5,0,0).

As expected the results of the integrable discretizatiervary bad.

6.2 Comparison of theBobenko-Suris discretization to Extrap com-
prising execution time

The first experiment s in so far unfair, that the numericatdgtization is a multi-step method and works
effectively with a (variable but) smaller discretizatidafslength parameter than the integrable discretiza-
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Figure 6.12: Error in energlf — E, opposed to the error in the body frathéE 55 ) in theBobenko-Suris
discretizatiorfor ¢ = 0.2. One can observe a correlation between the (oscillating) &rthe energy and
the oscillating part of the error in the body frame.

Figure 6.13: Visual result of an experiment with a high etesm 5 (a x 1, p) aftert = 20 time units.
The position of the quader calculated with the integrabdemitization is already very wrong after that
short time period.
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Figure 6.14: Error in the energy in an experiment with a higbreterm$ (a x m, p) aftert = 20 time
units. The oscillating error in the energy of the integratiteretization is of very high magnitude.

tion. Further the numerical method needs more executiog. tim

When asking the question, which discretization is moreablét for practical purposes, one might
want to compare their performance for a given amount of cdatjmnal capacity. This is done in an
example in this section.

Unfortunately this was only possible with modified sourcdeof theTop Visualizatiorprogram and
can therefore not be repeated like the first experiment.

6.2.1 Settings

The initial position of the quader, vectors of angular vélpand momentum and gravity vector are the
same as in the first experiment.

In order to compare the discretizations for a fixed given eken time, only the discretization step
length parameter and the error toleraneggs! and Rtol, see sectiod.1.], are changed. I. e. the used
values are:
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g1 =0.01 the parameter for the "continuous" motion, to assess theredes
ones.
€2 =25 the interval length, for which the discretizations will besaned a

fixed amount of execution time to compute a best possibletresu
The quaders path is continuously calculated after evergnb tinit
steps, so that it can be determined up to arbitrary time pbintn €

N, and the results can be compared after every 5 time units.

m = 166 the number of intervalgn, 5(n + 1), n € N, is seperated into for
theBobenko-Suridiscretization. This yields an effective discretiza-
tion step length parameter of 0.03.

Atol = Rtol = 2-10~8 the error tolerances for tHextrapmethod, see sectich1.1

h=1.5 the initial step size at the beginning of each intef@al, 5(n + 1)],
n € N. Changing this step size within this order of magnitude
showed practically no change, since it is quickly adjustgthie Ex-
trap method and since initially too highare rejected without much
loss of calculation time.

These values were determined experimentally to satisffofl@ving conditions:

1. Both discretization methods use the same amount of dractitme. With these settings they
needed an average of 0.8 milliseconds to calculate the nmdey position after further 5 time
units. The calculations were done in J&an a Linux system with an Int@ Core™ 2 Duo CPU
with 2 x 2.00GHz.

2. &5 = 5 andAtol = Rtol = 2 - 10~ were chosen in such a way, that fEetrap method could use
its property of step size control effectively. For the in@i{5n, 5(n + 1)], n € N, an average of 7
steps are calculated.

3. The for theBobenko-Surigliscretization effectively used discretization step kbrgarameter 0.03
is still comparable to the parameter 0.01 used for the "oomotiis" result.

These settings yielded the following results.

6.2.2 Visual results

The visual results of the experiment can be seen in fighues 6.16 6.17and6.18
It can be observed that in the beginning the numerical digatéon yields better results, but its
transported errors accumulate in time and let it yield weadsults after longer time periods.
6.2.3 Errorin the body frame
The errors in the body frame, see sectioh.3 can be seen in figurés19 6.20and6.21

6.2.4 Error in the energy
The errors in the energy of the quader can be seen in figuP@and6.23
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e

Figure 6.15: Position of the four quader after 200 time units in the experiment comprising execution
time. There are almost no errors recognizable.
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Figure 6.16: Position of the four quader after 600 time units in the experiment comprising execution
time. Both discretizations start to show errors, whereaBtbenko-Suridiscretization has a little higher
error in the quader position.
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Figure 6.17: Position of the four quader after 1000 time units in the experiment comprising execution
time. The errors in the numerical discretization increasef.

Figure 6.18: Position of the four quader after 3200 time units in the experiment comprising execution
time. The errors in the integrable discretization are stilinewhat acceptable, while the errors in the
numerical one have gotten very big.
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Figure 6.19: Errors in the body frame aftex= 400 time units in the experiment comprising execution
time. The error in theBobenko-Surigliscretization is higher. The numerical error is neglibietlie
beginning and low after 200 to 400 time units.

error in body frame L(E)

0.105
0.100
0.095
0.080
0.085
0.080
0.075
0.070
0.065
0.050
0.055
0.050
0.045
0.040
0.035
0.030
0.025
0.020
0.015
0.010
0.005

0.000
0

/\/‘J’“-

100 200 300 400 500 600 700 800 900 1,000
time t

‘7numar\cal error in body frame L(E_Ext) — Bobenko-Suris error in body frame L(E,BS)‘

Figure 6.20: Errors in the body frame after= 1000 time units in the experiment comprising execution
time. After about 900 time units the numerical error equadsimtegrable one more or less, but it increases

faster.
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Figure 6.21: Errors in the body frame after= 3200 time units in the experiment comprising execution
time. The integrable discretization still yields a relativsmall error, whereas the numerical error already
reached the maximally possible valuelot [0, 7.
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Figure 6.22: Errors in the energy after= 1000 time units in the experiment comprising execution time.
The error in the integrable discretization is the oscitlatilue to the terng (a x m, p), see sectiol.1.4
The error in the numerical discretization is small but silgadcreasing.
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Figure 6.23: Errors in the energy after= 3200 time units in the experiment comprising execution time.
The numerical error reaches the magnitude of the integeabde, and keeps increasing.
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Figure 6.24: Errors in the energy after= 30 time units in the experiment with comparable step sizes.
The error in theRunge-Kuttanethod is small for a short time period, but increases stydatger on.

It can be observed that the error in the integrable dis@ttiz is the oscillation due to the term
5 (a x m, p), see sectiod.1.4 and that the numerical error increases steadily. Therlattgue to the
fact that the local errors are transported and add up to aeasmg global error.

6.3 Comparison of theBobenko-Suris discretization to the Runge-
Kutta method

The above experiments all used different step sizes in ffexeint discretizations. For further clarification
of theBobenko-Suris discretizatisproperties now follow the results of an experiment, whieegtumber
of evaluations of the equations of motion is equal for the tigzretization.

Let therefores, be the (constant) step size used in ¢tassical 4" order Runge-Kuttanethod The
Runge-Kutta method). Since this is a 4 step method, i. e.dhate®n of motion is evaluated 4 times for
doing one step, thBobenko-Suris discretizatiomorks with an effective step size ef/4, since it does
so only once. The other settings are the same as in the foxperiments.

Then for the experiments results with = 0.2 see figure$.24and6.25

It can be observed that tliRunge-Kuttanethod yields good results for a short time period. Later on,
when the transported errors accumulate and amplify ther@sethe results get very bad.

The same happens, just after a different amount of time tfa@raliscretization step length parameter
g9 € [0.1,0.6]. For largers, the results diverge very soon.

6.4 Conclusions

TheBobenko-Suris discretizatishows both, advantages and disadvantages, compared tortiezical
discretization.
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Figure 6.25: Errors in the frame after= 30 time units in the experiment with comparable step sizes.
Here too, the error in thRunge-Kuttanethod is small in the beginning, but grows quickly.

Mentionable disadvantages are the systematically ocaugiror in the energy of the top and the
resulting error in the body frame already after relativeipis time periods. The path of the top is a
different one form the real motion. Further there is no step sontrol, which could make it more
accurate in regions of the equations of motion with high\dgives.

Advantages are the oscillation of the error in the energgipés not increase continuously like in
numerical discretizations which makes it more suitableldog time period calculations. Further there
is still a large potential in improving this discretizatiosn g making it a higher order approximation or
adding a step size control.

6.5 Prospects

The Top Visualizationprogram was not designed for an optimized calculation ofttips paths. The
experiment comprising execution time was very rough andedamy for a special initial setting. A
source code optimized for execution time and an applicatiaam wider range of initial settings would
surely clarify the properties of tHBobenko-Suris discretizationore than was done in this thesis.

Further theBobenko-Suris discretizatiofitself could be improved. As derived iBS0(Q it is based
on a first order discretization of the frame of an isotropasét rod with equidistant step sizes. It could
be extended to higher order terms, and possibly even indtefesize control and an automatic order
selection.



Appendix A

Abstract in german -
Zusammenfassung auf Deutsch

Der Inhalt dieser Diplomarbeit ist ein Vergleich von Disliseerungen der Bewegungen des Lagrange-
Kreisels. Die in BS0Q entwickelte integrable Diskretisierung wird mit numetien Losungen vergli-
chen, um deren Vor- oder Nachteile gegenliberzustelles. g@schieht mittels Implementation der ver-
schiedenen Diskretisierungen in einefava’™ ProgramniTop Visualizationwelches Teil dieser Di-
plomarbeit ist.

Dazu werden in Kapite? die Grundlagen tUber Kreisel im Allgemeinen und den Lagraikgesel im
speziellen wiederholt. In Beispielen werden diese auf ddhdines Quader angewandt, welche Top
VisualizationProgramm fir die Berechnung und Visualisierung genutztdeer Kapitel3 befasst sich
mit der kontinuierlichen Dynamik des Kreisels, Kapidehit deren Diskretisierung.

Das Top VisualizationProgramm wird in Kapiteb beschrieben. Es liegt der Diplomarbeit auf ei-
ner CD bei, kann aber auch im Internet uritép://www.math.tu-berlin.de/"bodaberuntergeladen oder
direkt als Webstart-Applikation untérttp://www.math.tu-berlin.de/geometrie/ps/softwanem| gestar-
tet werden. Damit kénnen die Eigenschaften des Lagranges&ls selbststéandig studiert und die Dis-
kretisierungen selbst verglichen werden. Die Ergebnigsesebeispielhaften Vergleichs sind in Kapitel
6 gegeben. Desweiteren enthalt Kapitetlie Resultate zweier zusatzlicher Experimente, die weiter
Einblicke in die Eigenschaften der integrablen Diskretishg geben. Es stellt sich heraus, dass diese
Diskretisierung fur Berechnungen des Kreiselpfades UberekZeitperioden ungeeignet ist, fur lAngere
Intervalle aber klar dominiert.

Weiterhin bietet da3op VisualizatiorProgramm eine Visualisierung der Bewegung von beliebigen
Quadern und der intergrablen Spezialfalle des Kowalewsid-des Goryachev-Chaplygin-Kreisels. Eine
kurze Beschreibung dieser Falle findet man in KagiteDas Programm zeigt auch die Drehmoment-
und Winkelgeschwindigkeitsvektoren der Kreisel, ihre pta@igheitsachsen und (falls diese existieren)
ihre zugehorigen elastischen Stabe. Desweiteren wird/gdisdhe Bewegung des Lagrange-Kreisels aus
Préazession und Nutation mit dem sogenanajgex tracevisualisiert.
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