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Foreword

I am extremely pleased to have been asked to write this Foreword to this compilation
text on bond graph modeling. The contributors to this book are all experts in their
fields and I consider all of them to be friends. I have ample evidence from my 40+
years of working in the mechatronics area that physical system understanding is
imperative for the design of modern engineering systems. It remains essential to be
able to represent physical systems in a uniform way such that analytical or computer
response predictions can be straightforwardly carried out.
Bond graphs are a concise pictorial representation of all types of interacting
energetic systems. In my experience working with engineers on the development
of complex systems it is obvious that these systems suffer from thermal problems,
structural problems, vibration and noise problems, and control and stability issues
that do not fit into a single discipline. Bond graphs provide the link by which all
these different disciplines can be represented in an overall system model. I am certain that bond graphs are the best way to study and solve these multi-energy domain
system problems.
Bond graphs were invented by Professor Henry Paynter at M.I.T. We jokingly
assign the bond graph birthday as April 24, 1954. I was fortunate to have Hank
as an adviser and I learned a lot from him while trying to keep up with his ideas.
Hank was probably a genius but definitely not a detail-oriented person. While Hank
was able to construct bond graph models in his own mind, he did not take the time
to develop the rules by which the rest of us could construct a bond graph model.
This was left to his students, Professors Dean Karnopp and Ronald Rosenberg. They
developed the concepts of power convention and the causal stroke and developed the
first computer program that could interpret a bond graph description and generate
a set of state space equations. Now there are many computer programs that can go
from a bond graph picture to a simulation of a nonlinear system in a straightforward,
systematic approach.
Bond graph modeling has come a long way since these early days. There are
literally tens of thousands of publications that use bond graphs. There are courses at
universities all over the world that teach bond graph modeling in incredibly diverse
areas such as chemical physics, biophysics, nanotechnology, and cell dynamics.
There was a time when I knew practically every bond grapher in the world. That
time has long passed as more and more disciplines recognize the value of a unified
v
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approach to modeling all types of physical systems, producing both linear and nonlinear mathematical models.
This book is a compilation of contributions from outstanding researchers all over
the world in the field of bond graph modeling and theory. There are introductory
topics for the uninitiated, topics on bond graph theory, and a wealth of information
on applications of bond graphs to realistic mechatronic systems. I hope that the
readers will enjoy this book and find it most useful for their engineering careers.
Davis, California
December 2010

Donald Margolis

Preface

This multi-author book reflects the present state of the art in bond graph modelling
of engineering systems with respect to theory, applications and software support.
Bond graph modelling is a physical modelling methodology based on first principles that is particularly suited for modelling multidisciplinary or mechatronic systems. Bond graphs were devised by Professor H. Paynter some 50 years ago at
the Massachusetts Institute of Technology (MIT) in Cambridge, MA, USA. As to
the pioneers of this methodology, the authors of this book are indebted to, among
others, Professor D. Karnopp and Professor D. Margolis (University of California
at Davis), Professor R. Rosenberg (Michigan State University, East Lansing, MI),
Professor J. Thoma (Professor Emeritus at the University of Waterloo, ON, Canada)
and Professor J.J. van Dixhoorn (University of Twente, Enschede, the Netherlands.
Since the early days, bond graph modelling has evolved into a powerful rich
methodology. Considerable progress has been achieved since then. Bond graph
modelling has spread all over the world. It is used in engineering education as well as
in industrial projects. Numerous bond graph-related papers have been presented in
international conferences and published in refereed scientific journals. Furthermore,
bond graph modelling has been used in many Ph.D. theses and has been the subject
of a number of monographs and textbooks in various languages.
Beyond some special journal issues devoted to bond graph modelling, to the
knowledge of the editor, very few multi-author books on bond graph modelling
have been published during the past decades. One book to be mentioned is the
1991 compilation text Bond Graphs for Engineers edited by P. Breedveld and
G. Dauphin-Tanguy. Another contributed book titled Les bond graphs was edited
by G. Dauphin-Tanguy and published in 2000. A survey of bond graph-related publications suggests that it was time for a new collection that covers achievements
and recent developments in bond graph modelling by integrating various works and
presenting them in a uniform manner. On invitation by Springer, the editor of this
book asked colleagues active in the realm of bond graph modelling for contributions.
This book is the outcome of a truly international worldwide successful cooperation
of excellent young researchers and those who have been using bond graphs and have
been teaching the methodology for a long time. The book covers some theoretical
issues and methodology topics that have been the subject of ongoing research during
past years, presents new promising applications such as the bond graph modelling of
vii
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fuel cells and illustrates how bond graph modelling and simulation of mechatronic
systems can be supported by software. This up-to-date comprehensive presentation
of various topics has been made possible by the cooperation of a group of authors
who are experts in various fields and share the “bond graph way of thinking”.
The aim of this contributed book is to reflect the current state of the art in bond
graph modelling by presenting and discussing advanced recent topics. However, all
chapters have been written in such a way that newcomers to the methodology with
some knowledge of the basics may easily get into the vast fascinating and open field
of advanced bond graph modelling. Readers who may want to have a closer look at
bond graph fundamentals will find references to latest monographs and textbooks.
Furthermore, each chapter provides many references to conference papers, journal
articles and Ph.D. theses on advanced topics.
Bond Graph Modelling of Engineering Systems: Theory, Applications and Software Support addresses readers in academia as well as engineers in industry and
invites experts in related fields to consider the potential and the state of the art of
bond graph modelling. This multi-author book well complements latest monographs
and textbooks on bond graph modelling and may serve as a guide for further selfstudy and as a reference.
Sankt Augustin, Germany
December 2010

Wolfgang Borutzky

Acknowledgements

This book would not have been possible without the commitment of my colleagues.
I would like to take this opportunity to thank all my co-authors for their contributed chapters. Likewise, I wish to thank all colleagues who took the time to
carefully review the chapters. Their valuable comments and suggestions are gratefully acknowledged.
Also, I appreciate the support this multi-author book project received
from Professors Yuri Merkuryev, Riga Technical University, Latvia; David
Murray-Smith, University of Glasgow, Scotland, UK; Ronald Rosenberg, Michigan
State University, East Lansing, MI, USA; and Jean Thoma, University of Waterloo,
ON, Canada.
Last but not least, I wish to thank my editor with Springer at New York, NY, USA,
Brett Kurzman, for his invitation to this book project, for allowing us to exceed the
initially envisaged page limit and for his constant support during this book project.
Sankt Augustin, Germany
December 2010

Wolfgang Borutzky

ix

Contents

Part I Bond Graph Theory and Methodology
1 Concept-Oriented Modeling of Dynamic Behavior . . . . . . . . . . . . . . . .
P.C. Breedveld

3

2 Energy-Based Bond Graph Model Reduction . . . . . . . . . . . . . . . . . . . . .
L.S. Louca, D.G. Rideout, T. Ersal, and J.L. Stein

53

3 LFT Bond Graph Model-Based Robust Fault Detection
and Isolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
M.A. Djeziri, B. Ould Bouamama, G. Dauphin-Tanguy,
and R. Merzouki
4 Incremental Bond Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
Wolfgang Borutzky
Part II Bond Graph Modelling for Design, Control, and Diagnosis
5 Coaxially Coupled Inverted Pendula: Bond Graph-Based
Modelling, Design and Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
P.J. Gawthrop and F. Rizwi
6 Bond Graphs and Inverse Modeling for Mechatronic System Design 195
Wilfrid Marquis-Favre and Audrey Jardin
7 Bond Graph Model-Based Fault Diagnosis . . . . . . . . . . . . . . . . . . . . . . . 227
S.K. Ghoshal and A.K. Samantaray
Part III Applications
8 Bond Graph Modeling and Simulation of Electrical Machines . . . . . . 269
Sergio Junco and Alejandro Donaire
9 Simulation of Multi-body Systems Using Multi-bond Graphs . . . . . . . 323
Jesus Felez, Gregorio Romero, Joaquín Maroto, and María L. Martinez

xi

xii

Contents

10 Bond Graph Modelling of a Solid Oxide Fuel Cell . . . . . . . . . . . . . . . . . 355
P. Vijay, A.K. Samantaray, and A. Mukherjee
Part IV Software for Bond Graph Modelling and Simulation
11 Automating the Process for Modeling and Simulation
of Mechatronics Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 385
Jose J. Granda
Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 431

Contributors

Wolfgang Borutzky Bonn-Rhein-Sieg University of Applied Sciences, Sankt
Augustin, Germany, wolfgang.borutzky@h-brs.de
P.C. Breedveld University of Twente, EWI/EL/CE, AE Enschede,
The Netherlands, p.c.breedveld@utwente.nl
G. Dauphin-Tanguy LAGIS FRE CNRS, Villeneuve d’Ascq Cedex, France,
genevieve.dauphin-tanguy@ec-lille.fr
M.A. Djeziri LAGIS FRE CNRS, Villeneuve d’Ascq Cedex, France,
mohand.djeziri@polytech-lille.fr
Alejandro Donaire Centre for Complex Dynamic Systems and Control (CDSC),
The University of Newcastle, Callaghan, NSW, Australia; Laboratorio de
Automatización y Control, Departamento de Control, Facultad de Ciencias Exactas,
Ingeniería y Agrimensura, FCEIA, Universidad Nacional de Rosario, Ríobamba
245 bis, S2000EKE, Rosario, Argentina, adonaire@fceia.unr.edu.ar
T. Ersal Department of Mechanical Engineering, University of Michigan, Ann
Arbor, MI, USA, tersal@umich.edu
Jesus Felez CITEF, Universidad Politécnica de Madrid (UMP), Madrid, Spain;
ETSI Industriales, Universidad Politécnica de Madrid (UMP), Madrid, Spain,
jesus.felez@upm.es
P.J. Gawthrop School of Engineering, University of Glasgow, Scotland, UK,
peter.gawthrop@glasgow.ac.uk
S.K. Ghoshal Department of Mechanical Engineering and Mining Machinery
Engineering, Indian School of Mines, Dhanbad, India,
sanjoy_ghoshal@yahoo.co.in
Jose J. Granda Department of Mechanical Engineering, California State
University, Sacramento, CA, USA; Institute for Dynamic Systems and
Control ETH, Swiss Federal Institute of Technology, Zurich, Switzerland,
grandajj@ecs.csus.edu
xiii

xiv

Contributors

Audrey Jardin Laboratory Ampère, Institut National des Sciences Appliquées de
Lyon (INSA), University of Lyon, Villeurbanne Cedex, France,
audrey.jardin@insa-lyon.fr
Sergio Junco Laboratorio de Automatización y Control, Departamento de Control,
Facultad de Ciencias Exactas, Ingeniería y Agrimensura, FCEIA, Universidad
Nacional de Rosario, Ríobamba 245 bis, S2000EKE, Rosario, Argentina,
sjunco@fceia.unr.edu.ar
L.S. Louca Department of Mechanical and Manufacturing Engineering, University
of Cyprus, Nicosia, Cyprus, lslouca@ucy.ac.cy
Joaquín Maroto CITEF, Universidad Politécnica de Madrid (UMP), Madrid,
Spain; ETSI Industriales, Universidad Politécnica de Madrid (UMP), Madrid,
Spain, joaquin.maroto@upm.es
Wilfrid Marquis-Favre Laboratory Ampère, Institut National des Sciences
Appliquées de Lyon (INSA), University of Lyon, Villeurbanne Cedex, France,
wilfrid.marquis-favre@insa-lyon.fr
María L. Martinez CITEF, Universidad Politécnica de Madrid (UMP), Madrid,
Spain; ETSI Industriales, Universidad Politécnica de Madrid (UMP), Madrid,
Spain, luisa.mtzmuneta@upm.es
R. Merzouki LAGIS FRE CNRS, Villeneuve d’Ascq Cedex, France,
rochdi.merzouki@polytech-lille.fr
A. Mukherjee Department of Mechanical Engineering, Indian Institute
of Technology, Kharagpur, India, amalendu@mech.iitkgp.ernet.in
B. Ould Bouamama LAGIS FRE CNRS, Villeneuve d’Ascq Cedex, France,
belkacem.ouldbouamama@polytech-lille.fr
D.G. Rideout Faculty of Engineering and Applied Science, Memorial University,
St. John’s, NL, Canada, g.rideout@mun.ca
F. Rizwi Commonwealth Scientific and Industrial Research Organisation (CSIRO),
Hobart, Tasmania, Australia, farhan.rizwi@csiro.au
Gregorio Romero CITEF, Universidad Politécnica de Madrid (UMP), Madrid,
Spain; ETSI Industriales, Universidad Politécnica de Madrid (UMP), Madrid,
Spain, gregorio.romero@upm.es
A.K. Samantaray Department of Mechanical Engineering, Indian Institute
of Technology, Kharagpur, India, samantaray@lycos.com
J.L. Stein Department of Mechanical Engineering, University of Michigan,
Ann Arbor, MI, USA, stein@umich.edu
P. Vijay Department of Chemical Engineering, Curtin University of Technology,
Perth, WA, Australia, vijay103@rediffmail.com

Abbreviations

2D
3D
AC
AR
ARR
BDF
BG
BLDCM
CAI
CCIP
cemf
DAE
DBG
DC
DCM
DFIM
DHBG
DI
DOF
ECI
EJS
emf
FDI
FSM
FU
GARR
GYS
HBG
HMMWV
IM
IncBG
KLE
LFT

two-dimensional
three-dimensional
alternating current
axis rotator
analytical redundancy relation
backward differentiation formula
bond graph
brushless direct current motor
cumulative activity index
coaxially coupled inverted pendula
counter-electromotive force
differential-algebraic equation
diagnostic bond graph
direct current
direct current motor/machine
doubly fed induction machine
diagnostic hybrid bond graph
detectability index
degree of freedom
energetic contribution index
Eulerian junction structure
electromotive force
fault detection and isolation
fault signature matrix
fuel utilization
generalized ARR
gyristor
hybrid bond graph
high-mobility multipurpose wheeled vehicle
induction motor/machine
incremental bond graph
Karhunen–Loève expansion
linear fractional transformation form
xv

xvi

LPV
LTI
MBG
MBS
MEA
MGY
MIMO
mmf
MODA
MORA
MTF
ODE
OU
PI
PM
PMDCM
PMSM
PWM
RA
RHP
RMS
SCAP
SISO
SOFC
SPJ
SRM
TCG
TPB
UIO
VSI
ZC
ZCP

Abbreviations

linear parameter-varying
linear time-invariant system
multibond graph
multibody system
membrane electrode assembly
modulated gyrator
multiple input–multiple output system
magnetomotive force
model order deduction algorithm
model order reduction algorithm
modulated transformer
ordinary differential equation
oxygen utilization
proportional plus integral (controller)
permanent magnet
permanent magnet direct current motor/machine
permanent magnet synchronous motor
pulse width modulation
relative activity
right half plane
root mean square
sequential causality assignment procedure
single input–single output system
solid oxide fuel cell
switched power junction
switched reluctance motor
temporal causal graph
triple phase boundary
unknown input observer
voltage source inverter
zero compliance
zero-order causal path

Part I

Bond Graph Theory and Methodology

Part I of this book addresses theoretic foundations and concepts of bond graph
modelling. Moreover, it presents methodologies for a bond graph-based solution
of various types of problems.
Chapter 1 closely reviews the model development process. After a formal foundation of bond graphs, principles and fundamental concepts of port-based physical
systems modelling in terms of bond graphs are pointed out and are discussed in a
clarifying way that may help avoid model developers to fall into traps, to overlook
assumptions and the context dependency of models, or to mix concepts which may
give rise to confusions, e.g. with regard to ideal concepts and physical components.
A key issue of Chapter 1 is that it emphasises the distinction between configuration
structure, physical structure, and conceptual structure.
Clearly, a model to be developed should meet the accuracy requirements of
an application and at the same time should be as simple as possible. However,
as today’s engineering systems tend to become larger, more complex, and more
integrated, it is not always obvious at the beginning of a modelling process which
phenomena are relevant with regard to the application and to decide what to include
into a model and what to neglect. As a result, one approach often applied is to
start with a complex model and to reduce its complexity subsequently as far as the
application permits.
Chapter 2 presents three model reduction techniques based on the consideration
of energy flows in a bond graph model. One approach ranks energy stores and dissipators on the basis of a power norm called activity in order to reduce the model
complexity by eliminating the least ‘active’ elements.
Chapter 3 introduces a special decomposition of bond graph elements in a part
with nominal parameters and one with uncertain parameters. The resulting bond
graph model of a bond graph element is called linear fractional transformation (LFT)
model. In case of linear models, bond graphs with elements replaced by their LFT
model enable the derivation of state space and output equations in LFT form as used
for stability analysis and control law synthesis based on μ-analysis.
Moreover, LFT bond graphs can also support robust fault detection and isolation
(FDI) of systems with uncertain parameters. The decomposition of bond graph elements leads to a derivation of analytical redundancy relations (ARRs) composed of
a nominal part representing their residuals and an uncertain part due to parameter
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uncertainties. The latter one can be used for the calculation of adaptive thresholds
and for a parameter sensitivity analysis of the residuals.
Incremental bond graphs present another approach. Similar to the LFT bond
graph approach, they are obtained by replacing elements by their incremental model.
The latter one is also a decomposition of a bond graph element into a nominal part
and one that accounts for parameter variations. Opposed to LFT bond graphs, bonds
of incremental bond graphs carry variations of the conjugated power variables due
to parameter variations.
Chapter 4 shows how incremental bond graphs enable a matrix-based determination of parameter sensitivities of transfer functions for direct as well as for inverse
linear models. The necessary matrices can be generated from a bond graph and its
incremental bond graph by means of existing software. Furthermore, incremental
bond graphs also support a parameter sensitivity analysis of ARR residuals.

Chapter 1

Concept-Oriented Modeling
of Dynamic Behavior
P.C. Breedveld

Abstract This chapter introduces the reader to the concept-oriented approach to
modeling that clearly separates ideal concepts from the physical components of a
system when modeling its dynamic behavior for a specific problem context. This
is done from a port-based point of view for which the domain-independent bond
graph notation is used, which has been misinterpreted over and over, due to the
paradigm shift that concept-oriented modeling in terms of ports requires. For that
reason, the grammar and semantics of the graphical language of bond graphs are
first defined without making any connection to the physical modeling concepts
it is used for. In order to get a first impression of how bond graphs can represent models, an existing model is transformed into bond graphs as the transformation steps also give a good impression of how this notation provides immediate
feedback on modeling decisions during actual modeling. Next, physical systems
modeling in terms of bond graphs is discussed as well as the importance of the
role of energy and power that is built into the semantics and grammar of bond
graphs. It is emphasized that, just like circuit diagrams, bond graphs are a topological representation of the conceptual structure and should not be confused with
spatial structure. By means of a discussion of some examples of such confusions
it is explained why bond graphs have a slow acceptance rate in some scientific
communities.
Keywords Labeled di-graph · Node categorization · Energy and co-energy ·
Legendre transform · Thermodynamic framework of variables · Generalized
mechanic framework of variables · Equilibrium-determining variable · Equilibriumestablishing variable

P.C. Breedveld (B)
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1.1 Introduction
Many models are constructed to obtain better insight into the dynamic behavior
of all sorts of real-world systems and processes, however, often without careful
consideration of what the meaning of such a model is. This is due to the fact that it
is easy to fall into the trap of (unconsciously) extrapolating the meaning of a model
to interpretations that violate the original assumptions that led to the abstraction at
hand. Apart from the aim to introduce the port-based approach in terms of bond
graphs in this book, this contribution is written with the aim to make clear that
a model is such an abstraction that focuses on particular aspects of a part of the
real world, given a problem with the real world or question about it, even if it is a
question about some future realization (design). In all cases, this makes the model
highly dependent on the context of that problem, even when the question is quite
general: the person(s) making the abstraction will always do so from a particular
viewpoint and background. As a result, models are often highly dependent on (scientific) culture and its jargon, even when this culture is mathematics or rather mathematical physics, which has the longest tradition in carefully using unambiguous
concepts.
Herein, we will try to carefully step through the process of creating a dynamic
model of a system or process that is assumed to obey the principles of classical
physics (to be enumerated later). During this journey we will point out why and
how things can go wrong the way they often do. In the introduction of the catalogue
of an exposition created by Wim Beeren called ‘Traces of Science in Art’ nuclear
physicist Walter H. G. Lewin searches for the reason why art and science have so
many parallels. “Both try,” he writes, “to expose new ideas; they seek essence and
clarity. The goal is a new opinion, a new way of looking at things which we are not
used to. Never, therefore, the familiar – and so confirmational – comfort of a ‘warm
bed’, but always the uncomfortable but potentially very revealing ‘cold floor’” [1].
During the following journey through the conceptual world of dynamic behavior,
some readers, including Walter Lewin when he would read this, may also feel this
cold floor, in particular when we discuss one of Lewin’s lectures that are available on YouTube (Part 1: http://www.youtube.com/watch?v=eqjl-qRy71w, Part 2:
http://www.youtube.com/watch?v=1bUWcy8HwpM) as an example of how ignoring implicit assumptions of a modeling technique may lead to misleading paradoxes.
The reader is advised to watch the lectures beforehand and is challenged to answer
the question of who was cheating, Lewin or his colleagues in the audience . . .
In order to be able to represent the models and modeling issues that will be
discussed in an insightful way, the abstractions will not only be expressed in terms of
mathematical equations, but primarily in a graphical notation for port-based models
called bond graphs [2]. As many negative prejudices exist about this notation and
its use, most of them unjustified [3], we will start by simply defining the notation
itself that has a graph-theoretic foundation, while keeping it free from any (physical)
interpretation for the time being, even when the terminology seems to induce such
an interpretation. At a later stage this notation will be used to explain a specific
physical interpretation of models known as the port-based approach to modeling.

1 Concept-Oriented Modeling of Dynamic Behavior
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1.2 Graph-Theoretic Foundation of Bond Graphs
1.2.1 Introduction
An often heard argument to reject the ideas represented by bond graphs is that they
are not well defined, at least mathematically speaking. Therefore, a unique definition
of this graphical language will be given first, while being aware of the fact that each
language has its dialects, just like any other mathematical paper that needs a proper
list of symbols and a set of definitions too. The existence of a dialect does not mean
that the meaning becomes ambiguous: for each case unambiguous definitions should
always be possible and preferably made explicit along the same lines as the ones to
follow.

1.2.2 Bond Graphs
A bond graph is a labeled di-graph – directed graph, i.e., ‘a graph in which each link
has an assigned orientation’ [4] – of which the two types of edges are called bonds
and signals and the labeled nodes are called multiport nodes or, if no confusion is
possible, just multiports, where the number of bonds connected to a node corresponds to the number of ports of a multiport, including the concept of a one-port.
Each signal connected to a node with inward orientation is said to modulate the
multiport, which in turn is called a modulated multiport, unless no bonds but only
signals are connected to the node, in which case the signal is just an input of a socalled block diagram-type node. A block diagram is a computational diagram that
only contains signal edges and (functional) block nodes that represent an operator
on the input(s). A signal is connected to a signal port. It may depend on the context
if the concept of the number of ports in a description of a multiport refers to the total
number of ports, including or excluding the signal ports, but the description should
make this clear. In case of doubt a clear distinction should be made between ports
for signals and ports for bonds. Bonds are represented by augmenting the edge with
its direction in the graph by means of a small line that turns the representation of
the edge into a half arrow and signals are represented by augmenting the edge with
its direction by means of an arrow head, usually two small lines that turn it into a
full arrow (Fig. 1.1). The labels can consist of contoured descriptions (word bond

Type1 :Node1
Block1 :Signal node
Type2 :Node3

Fig. 1.1 Labeled di-graph
with bonds and signals

Node2: Type1

Type3 :Node4
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graph), mnemonic codes consisting of a limited number of alphanumeric symbols,
or graphical symbols (in case block diagram symbols represent operations on signals). The node label indicates the type of the node. If a particular instantiation of a
node type needs to be specified, this is done by means of a colon and a specific name.
For linear one-ports this name commonly consists of its constitutive parameter.
Multiple edges of the same type between two nodes may be represented in a
combined manner by using condensed edge symbols consisting of two (or more,
in case of underlying hierarchy) parallel edges (lines), if necessary with a number
(or array of numbers) indicating its dimension(s), i.e., the number(s) of bonds or
signals that form this so-called multibond (array) or multisignal (array), respectively.
Collections of nodes may be condensed into (a hierarchy of) arrays by underlining.
This multibond notation has been defined before [5, 6] and will not be discussed in
detail herein as it would distract from the main message and is only meant to allow
zooming in order to keep large graphs manageable and insightful.

1.2.3 Ports and Bonds
Each port of a multiport, i.e., the interface between a bond and a multiport node,
is characterized by two real variables of time that are called effort (e) and flow ( f )
and that are considered ‘dynamically conjugated.’ They are scalars in case of single
bond edges and vectors in the sense of one-column matrices in case of multibond
edges. If their (inner) product is called a power (P) these variables are called power
conjugated, the bond is called a power bond, and the port to which it is connected
is a power port, without linking it to some physical interpretation yet. Bond graphs
that only contain power bonds and signals are sometimes called true bond graphs
as opposed to the larger class of pseudo-bond graphs in which the efforts and flows
are considered to be only dynamically conjugated (terminology to be explained in
more detail in Section 1.5.6). The nodes in a true bond graph have true power ports
and are connected by true bonds. When it is obvious that no confusion can arise true
bond graphs are just called bond graphs and power bonds just bonds. Even though
this terminology already suggests some relation with modeling of physical system
behavior, this interpretation is deliberately postponed until the discussion of portbased modeling itself. This means that the property of variables being ‘conjugated’
just expresses at this time that they belong to the same port.
The attachment of a signal to a node is called a signal port. There are two types
of signal ports: inputs and outputs. A signal interconnects an output to an input.
The full arrow of the signal is attached to an input and its open end to an output.
This interconnection has a unique meaning: connecting two signal ports by a signal
equates the variables on each signal port to those on the signal and thus to each other
(Fig. 1.2). This means that the dimensions and units of the variables that are equated
by a signal should correspond to each other.
The multiport itself relates all efforts and flows at its ports fundamentally in such
a way that each power port has a dependent and an independent (effort or flow)

1 Concept-Oriented Modeling of Dynamic Behavior
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s2

s1
s = s1 = s2

Type 2 :Node2

Fig. 1.2 Signal connecting two signal ports in a graph fragment

variable. These relations are called constitutive relations and may also depend on
the input signals of the multiport (independent variables of the multiport). Output
signals may depend on any of the independent variables of a multiport. In some
cases where the desired dynamic behavior of both conjugate variables is taken as
a starting point, the constitutive relation itself (constitutive parameter in the linear
case) is chosen to be the unknown, such that the fundamental shape of the above
relation is violated. However, this does not correspond to a dynamic model anymore,
but to the use of a dynamic model structure for changing its dynamic properties in
a design context. We will address this anomaly later, as there is a branch of the
literature that uses bond graphs for this purpose.
A (multi)bond equates the efforts of the connected ports to each other. Similarly
it equates the flows of the ports it connects to each other. As a result, the effort
and flow variables can also be considered to live on the (multi)bond (Fig. 1.3). This
means that the property of variables being ‘conjugated’ also expresses that they
belong to the same bond and that the dimensions of the variables that are equated
by a (multi)bond should correspond to each other.

Node1: Type 1

e1
f1

e = e1 = e 2 e 2
Type 2 :Node2
f = f1 = f2 f2

Fig. 1.3 Signal connecting two signal ports in a graph fragment

1.2.4 Causal Stroke
From the fact that one of the variables on a port is an independent variable of the
constitutive relation and the other one a dependent variable, it follows that the computational direction of the two conjugate variables at a bond is always bi-directional
and can in principle be expanded into two opposite signals, in other words, a bond
can be considered a bilateral signal flow. The effort is the input of the multiport node
at the one side and the output of the node at the other side. Only after a particular
choice is made about the two possibilities of these directions, this can be represented
by ‘causally augmenting’ the (multi)bond with a so-called causal stroke, a little line
drawn orthogonal to the bond at the end of the bond where the effort serves as
an output of the bond from a computational point of view. This implicates that it
serves as an input for the port that is connected to that side of the bond. Similarly
the conjugate flow at that side of the bond is an output of this port and an input to
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Type 1

Type 2

Type 1

Type 2

Type 1

e

e
Type 1

Type 2

f

Type 2
f

Fig. 1.4 Meaning of the causal stroke: direction of the bilateral signals

the bond. Obviously, the open end of the bond at the other side reverses this story
for the port connected to the other side of the bond: effort is output of port and
input of bond and flow is input of port and output of bond (Fig. 1.4). The feature
of a bond that it can also be drawn without a causal stroke, i.e., without fixing the
computational directions of the bilateral signal flow, is one of the main advantages of
a port-based approach during modeling and in particular for the re-use of submodels,
as it expresses that the causal form of the constitutive relations should not be fixed
a priori and left open where possible in order to facilitate interconnection.
A signal represents one arbitrary variable of time that may also be an effort or
a flow, but not necessarily. Its computational direction is fixed by definition and
represented by a full arrow which clearly distinguishes it from the bilateral signal
flow represented by a (power) bond. In the particular case that a signal represents an
effort or flow, it can be considered a so-called activated bond, i.e., a bond of which
the conjugate variable is negligible and thus considered zero-valued, consequently
not playing a role at the side of the edge where there is no arrow and resulting in the
inner product of the conjugate variables being zero. As discussed in more detail in
Section 1.3 this can be considered as the representation of the concept of an ideal
sensor.
Only ports with the same types of efforts and flows can be connected to each
other by a bond. A particular type of effort and flow belongs to a domain. Table 1.1
shows a list of domains and the corresponding names of the effort and flow types
that belong to that domain. Again we emphasize that, even though the terminology
in this table suggests a strong connection with physical system modeling, this connection is postponed until the discussion of physical system modeling itself. In other
words, Table 1.1 just defines the terminology and the interconnection constraints, as
only ports that belong to the same domain can be connected by a bond. However,
as this table is based on a thermodynamic framework of variables (to be discussed
in Section 1.5.6) it may be unfamiliar to many readers who have a background in
analog system modeling that is commonly using the mechanical framework of variables (Table 1.2) in which some domains are combined to one domain by adding
a different kind of state (generalized momentum) [7]. This will be discussed in
Section 1.5.
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Table 1.1 Thermodynamic framework of domains and variables
f
flow
Equilibrium
establishing

e
effort
Equilibrium determining,
intensive state

Electric

i
Current

u
Voltage

Magnetic

u
Voltage

i
Current

Elastic/potential
translation

v
Velocity

F
Force

Kinetic
translation

F
Force

v
Velocity

Elastic/potential
rotation

ω
Angular velocity

T
Torque

Kinetic rotation

T
Torque

ω
Angular velocity

Elastic hydraulic

ϕ
Volume flow

p
Pressure

Kinetic hydraulic

p
Pressure

ϕ
Volume flow

Thermal

T
Temperature

fS
Entropy flow

Chemical

μ
Chemical
potential

fN
Molar flow


q = f dt
Generalized state,
extensive state

q = i dt
Charge

λ = u dt
Magnetic flux linkage

x = v dt
Displacement

p = F dt
Momentum

θ = ω dt
Angular displacement

b = T dt
Angular momentum

V = ϕ dt
Volume

Γ = p dt
Momentum of a flow tube

S = f S dt
Entropy

N = f N dt
Number of moles

An arbitrary node of a bond graph is a multiport, i.e., a node with multiple
(power) ports and it may also have signal ports. This multiport can be categorized
based on the nature of the relations between the involved (power) port variables and
signals. An arbitrary node may be represented in a bond graph by a short description (label) enclosed by an ellipse, resulting in a so-called word bond graph [8].
The only generic properties of this multiport are that it represents the constitutive
relations between a number of efforts and a number of flows that are both equal
to the number of (power) ports and thus equal itself and that each port has one
independent and one dependent variable (either the effort or the flow) in the relation
and between a number of arbitrary variables that is equal to the number of input
signal ports. Output signal ports result in additional constitutive relations that relate
the output to one or more independent variables. For a multiport with n ports, k independent flows f , n − k independent efforts e, r outputs u, and s inputs i this can be
written as
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Table 1.2 Conventional domains with corresponding flow, effort, generalized
generalized momentum

q = f dt
f
e
Generalized
flow
effort
displacement

Electromagnetic i
u
q = i dt
Current
Voltage
Charge
Mechanical
translation

v
Velocity

F
Force

Mechanical
rotation

ω
Angular velocity

T
Torque

Hydraulic/
pneumatic

ϕ
Volume flow

p
Pressure

Thermal

T
Temperature

fS
Entropy flow

Chemical

μ
Chemical
potential

fN
Molar flow

⎤ ⎡
e1
⎢ .. ⎥ ⎢
⎢ . ⎥ ⎢
⎢
⎥ ⎢
⎢ ek ⎥ ⎢
⎢
⎥ ⎢
⎢ f k+1 ⎥ ⎢
⎢
⎥ ⎢
⎢ .. ⎥ ⎢
⎢ . ⎥=⎢
⎢
⎥ ⎢
⎢ fn ⎥ ⎢
⎢
⎥ ⎢
⎢ u1 ⎥ ⎢
⎢
⎥ ⎢
⎢ . ⎥ ⎢
⎣ .. ⎦ ⎣
ur
⎡


x = v dt
Displacement

θ = ω dt
Angular
displacement

V = ϕ dt
Volume

S = f S dt
Entropy

N = f N dt
Number of
moles

⎡
⎤
⎤
e1 (x)
f1
⎢ .. ⎥
⎥
..
⎢ . ⎥
⎥
.
⎢
⎥
⎥
⎢ fk ⎥
ek (x) ⎥
⎢
⎥
⎥
⎢ ek+1 ⎥
f k+1 (x) ⎥
⎢
⎥
⎥
⎢ .. ⎥
⎥
..
with
x
=
⎢
⎥
⎥
.
⎢ . ⎥
⎥
⎢
⎥
⎥
f n (x) ⎥
⎢ en ⎥
⎢
⎥
⎥
u 1 (x) ⎥
⎢ i1 ⎥
⎢
⎥
..
. ⎥
⎣ .. ⎦
⎦
.
u r (x)
is

displacement, and

p = e dt
Generalized
momentum

λ = u dt
Magnetic flux
linkage

p = F dt
Momentum

b = T dt
Angular
momentum

Γ = p dt
Momentum of a
flow tube

(1.1)

A categorization of these constitutive relations allows further categorization of
the nodes and simpler and more generic labeling. While still making no relation to
port-based modeling, these categories will be quite general and when the connection
to port-based modeling is made further restrictions can be made, highly depending on the modeling level though, as will be explained when discussing modeling
itself. All categories allow the presence of an arbitrary number of outputs (meaning
nothing else than making a variable available as independent variable at an input
of another multiport). An arbitrary number of inputs is also allowed: this has been
introduced already as ‘modulation’ (modulated multiport) and each signal is a modulation signal or modulating signal. Note that one can also consider a multiport as
being a node with an arbitrary number of inputs and an arbitrary number of outputs
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of which a number (n) of inputs are conjugated (paired) to n outputs while leaving
the question open which of the variables in a pair gets the role of input or output as
long as the relation is bilateral, i.e., one input and one output. These bilateral pairs
are represented by the (power) ports and the other inputs and outputs by the signal
ports.
Earlier we noted that in a design context the constitutive relation can be
chosen as the unknown, requiring both effort and flow as inputs, which violates the above use of the causal stroke. This refers to the situation that when
a given model structure is found, the equations can be rewritten in such a way
that the constitutive relation, mostly the constitutive parameter, can be found
for a certain desired behavior. The mathematical solution of this kind of question is sometimes mapped on the bond graph by using half causal strokes at
both sides of a bond. This graphical approach is addressed by the terminology
‘bi-causality’ and is discussed in more detail in Chapters 5 and 6. However, since
it is not clear what the graphical representation adds to the insight of the modeler –
on the contrary, it highly confuses many bond graph novices – we will not discuss
bi-causality herein any further.
The above defines the principles of a bond graph even though it does not become
very useful without a classification of the node types. However, this classification is
in part a matter of taste: The more limited a set of nodes is classified, the more powerful conclusions may be drawn from a bond graph, but this also limits the possible
models that can be represented at the same time. The most common generic classification is given in the next section. This classification results in particular causal
port properties which allow an algorithmic causality assignment. Consequently this
assignment can be automated and even be shown during the construction of a graph
using a dedicated computer tool like 20-sim (www.20sim.com). In particular causal
changes and causal problems during modeling give the modeler immediate feedback on his modeling decisions, which is another powerful aspect of a port-based
approach represented by a bond graph. Section 1.4 lists these causal properties and
discusses a causality assignment algorithm. Again it is emphasized that in this section no links were made to physical system modeling concepts: only the graphical
notation and its interpretation in terms of variables and constitutive relations of various types was discussed. In Section 1.5 physical system modeling is discussed.

1.3 Categorization of Nodes
1.3.1 Introduction
The following categories of multiport node types can be distinguished in a bond
graph:
• Block diagram nodes: All nodes that only have signal ports and represent mathematical relations between these signals. These nodes are equal to any type
of block diagram definition that exists based on (elementary) mathematical
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operations. Their labels commonly consist of rectangles with a (mathematical)
symbol that is inspired by the underlying mathematical operation(s). As block
diagrams are a well-accepted notation with many dialects, these nodes will not
be further categorized explicitly herein. Consequently all other nodes will have
at least one (power) port.
• Power port nodes: We will discuss the most general form of the constitutive relations of these ports, but in case these relations can be assumed linear, a one-port is
characterized by a constitutive parameter and an n-port by an n × n-dimensional
matrix. The power will be considered to be the rate of change of a global quantity
called ‘energy,’ for which we will assume a conservation principle, anticipating
the physical meaning that is commonly given to these concepts. Herein, it is only
used as a concept for categorization.
Note that the rest of this categorization assumes that input signals (inputs) are
not equal to (a function of) one or more of the outputs (‘port modulation’), even
though the bond graph notation allows it in principle. It is easy to see that each
of the categories (albeit with an already fixed causality) can be constructed from
port modulated sources if port modulation is allowed without further explanation,
which would make this categorization more or less useless. However, if a sequence
of modeling steps leads to a situation like this, it may create much insight if this
kind of identities can be recognized. At the end of Section 1.5.9 an example is given
of this situation. We will start with the group of power discontinuous nodes. Due to
the assumption of the energy conservation principle these nodes can only reversibly
store the energy related to the net power into the node not being equal to zero. This
can take place inside the system boundary, resulting in true storage nodes, or in the
environment, resulting in sources and sinks, i.e., sources that inject, respectively,
absorb power from the perspective of the chosen dichotomy between system and
environment. Here it becomes clear that the modeling choice for a particular system
boundary is synonymous with the assumption that the storage processes in the chosen environment do not affect the dynamics of the system. In other words, sources
can be considered infinitely large storage nodes. The second category we discuss
consists of the power continuous nodes.

1.3.2 Power Discontinuous Nodes
• Storage nodes: All ports of a storage node are storage ports, which means that one
of the port variables has to be integrated with respect to time before it plays a role
in the constitutive relation of the node or obtained by differentiation with respect
to time from a result of the constitutive relation. If the flow variable is integrated
with respect to time into a so-called q-type state variable or if the flow variable is
obtained by differentiation with respect to time of the constitutive relation, that
is, a function of the effort, the port is called a C-type port (or q-type port). If
the effort variable is integrated with respect to time into a so-called p-type state
variable or the effort is obtained by differentiation with respect to time of the con-
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stitutive relation that is a function of the flow, the port is called an I-type port (or
p-type port). In case all ports are power ports, there exists a real, scalar function
of the independent variables that generates the constitutive relations between the
dependent and the independent variables and is equal to the time integral of the
net power in the storage node. When the relations are written in a form that only
contains integrations with respect to time for each port, the mixed second derivatives of this scalar function (called ‘energy function’) have to be equal in order
not to violate the concept of storage. The efforts of q-type ports and the flows of
p-type ports can be found from the energy function by partial differentiation with
respect to their conjugate states. Storage nodes have at least one port. In case a
storage node has at least one input (signal) port, it is called a modulated storage
node, which implies that the concept of storage is violated in principle as the
stored energy is changeable while the net power at the port(s) is zero. However,
the concept of modulated storage may be useful when the ignored power of the
signal port is small with respect to the power at the other ports. In case a storage
node only contains C-type ports, it is called a (multiport) C-element (node label:
C). In case a storage node only contains I-type ports, it is called a (multiport)
I-element (node label: I). When a storage node contains both C-type and I-type
ports, it is called a (multiport) IC-element (node label: IC). A modulated storage node has node label MC or MI or MIC. Note that port-based modeling
may put more restrictions on the modulation of storage nodes, depending on
the modeling level, but that the notation allows modulation of storage nodes in
principle, as they may be useful when the power related to the modulation is
negligible.
Nodes with both storage ports and other ports are not accepted in this categorization in order to keep the labeling (i.e., storage) meaningful later when discussing the
concepts used in port-based modeling. Consequently, all other nodes do not contain
storage ports.
• Source nodes: All dependent port variables of a source node are independent of
its independent port variables. This means that the dependent variables are either
constant (linear case with one parameter) or the function of an input (modulated
source). This means that a multiport source node can always be split into a set
of (modulated) one-port sources. When the dependent port variable is an effort
the source is called an effort source (node label: Se). When the dependent port
variable is a flow the source is called a flow source (node label: Sf). A modulated
source has node label MSe or MSf.
• Sensor nodes: A sensor node allows external observation or availability of one
or more independent port variables while the conjugate dependent variables are
kept zero. In other words, sensor nodes are zero-valued sources and, as such,
need no separate node label, although some dialects use separate labels as this
may increase insight given their particular focus.
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1.3.3 Power Continuous Nodes
• Resistive nodes: In this first category of power continuous nodes the power continuity is hidden, as the power entering the resistive ports is converted into thermal
power and not explicitly represented by a thermal port, such that energy seems
to be ‘dissipated,’ but careful use of concepts shows that only ‘free energy’ can
be dissipated and that the use of power as a flow of free energy corresponds to
an implicit assumption, viz., that the temperature at the thermal port is constant
or its fluctuations are slow with respect to the fluctuations of interest, such that
the temperature can be considered constant. For a resistive node a semi-positive
definite scalar potential function (‘entropy production function’ or ‘dissipation
function’) of the independent variables exists that generates its constitutive relations. A resistive node has at least one port. Its node label is R. A modulated
resistive node has node label MR. A resistive node or resistor is sometimes called
a dissipative node or dissipator.
It can be proven by means of a linear transformation of the conjugate variables
into so-called scattering variables [9, 10] that all power continuous nodes have constitutive relations with a multiplicative form. This means that the vector of dependent port variables can be written as a product of some operator on the vector of
independent port variables. When this operator only relates efforts to efforts and
flows to flows, a property called ‘non-mixing’ [11], the multiport is called a transformer (node label: TF). If the operator is a function of one or more additional node
inputs, it is called a modulated transformer (node label: MTF). When this operator
only relates efforts to flows and flows to efforts, a property called ‘mixing’ [11], the
multiport is called a gyrator (node label: GY). If the operator is a function of node
inputs it is called a modulated gyrator (node label: MGY).
• Reversible transducers: In case the relations of a TF or GY are linear, the operator is a constant matrix that is anti- or skew-symmetric due to power continuity.
In case the inputs are independent functions of time (externally modulated MTF
or MGY) the anti-symmetric matrix is time variant. In both cases the transduction is reversible in the sense that the sign of the power of each of the ports is
always unconstrained, in other words: power can flow in both directions. In case
of two-ports the matrix is a 2 × 2-dimensional anti-symmetric matrix that has
only one independent parameternfor the TF or r for the GY:
e1
f 2

=

0

n (·)

−n (·) 0

f1
e2

(1.2)

or
e1
e2

=

0

r (·)

−r (·) 0

f1
f2

(1.3)
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By changing the positive orientation of one of the ports, the two constitutive
relations of the two ports can be simplified into
e1 = n (·) e2

(1.4)

f 2 = n (·) f 1 = − f 2

(1.5)

e1 = r (·) f 2

(1.6)

e2 = r (·) f 1 = −e2

(1.7)

and

for the transformer and

and

for the gyrator (Fig. 1.5).
Fig. 1.5 Transformer and
gyrator representation

e1
f1
e1
f1

TF
..
n

GY
..
r

e2
f2 = –f2’
e2 = –e2’
f2

• Junction nodes: A junction is a node with power ports that is power continuous
and of which the ports are mutually exchangeable without changing its nature:
this property is called ‘port symmetry.’ Scattering variables can also be used to
prove that there exist only two types of power continuous, port symmetric nodes,
both with linear constitutive relations (i.e., linearity is not assumed a priori) [9]:
(1)

A 0-junction or zero-junction (node label: 0) of which the efforts of all ports
are equal
ei = e j

∀i = j

(1.8)

and the sum of the flows of all ports with a sign in the summation dependent
on the direction of the half arrow of the bond connected to the port being
zero
n

εi f i
i=1

∀εi ∈ {−1, +1}

(1.9)
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(2)

where the minus sign holds for bonds oriented away from the junction and
the plus sign for bonds oriented toward the junction.
A 1-junction or one-junction (node label: 1) of which the flows of all ports
are equal
fi = f j

∀i = j

(1.10)

and the sum of the efforts of all ports with a sign in the summation dependent on the direction of the half arrow of the bond connected to the port
being zero
n

εi ei

∀εi ∈ {−1, +1}

(1.11)

i=1

where the minus sign holds for bonds oriented away from the junction and
the plus sign for bonds oriented toward the junction.
As a consequence, all other power continuous nodes are port asymmetric. Another result is that modulation of junctions can only take place in
the form of a boolean variable that activates or deactivates the node: the
junction is then called a switched junction (node labels X0 and X1). This
allows a variable interconnection structure.
Note that junctions fall into the category of non-mixing, reversible transducers. They may be seen as a TF or MTF with a constitutive matrix that
contains only 1, −1, and 0 as matrix elements and modulation consists of
changing the absolute values of this matrix. Furthermore, the same holds
for multiport substructures that only contain junctions. The transpose of
this matrix relates the independent voltages to the dependent ones and thus
corresponds to those columns of the reduced incidence matrix of an electrical circuit that relate the link voltages to the branch voltages.
• Irreversible transduction nodes: An irreversible transduction node is a resistive
node with true power ports with one additional power port of which the flow is
equal to the entropy production function of the resistive node. Consequently the
conjugate effort equals the power of this port divided by the entropy production
function and is called temperature. This illustrates the nonlinear nature of its
constitutive relations, such that the earlier conclusion that linear, time-(in)variant
transducers are reversible is not violated. Node label: RS. In case of modulation
(time variance of the entropy production function): MRS. Note that an (M)RS
is an extension of an (M)R and when discussing port-based modeling, it will
turn out that the (M)R rather is a special case of an (M)RS which is the result
of a modeling assumption (constant temperature or irrelevance of temperature
changes) that remains often implicit.
As explained earlier, nonlinearity may be created by port modulation. Therefore, it is possible to use port modulation on an MTF or MGY to create irreversible behavior, similar to that of the RS. While modeling physical systems
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this may have the disadvantage that the irreversibility is hidden in the modulation, while designing physical systems with desired behavior it may lead to novel
approaches, e.g., damping with reduced generation of heat. Also, this equivalence
shows that the constitutive relation of an irreversible transducer has a multiplicative form and does not violate our earlier conclusion as a consequence.
In case the resistive port of the RS has a linear relation (the entropy producing
port always has a nonlinear relation that relates either the rate of change of the
entropy or the temperature to the two independent variables of the RS), the twoport RS can be characterized by just one parameter R:
⎧
⎪
⎨

⎧
⎪
⎨

e = Rf

Rf2
⎪
⎩ f Sirr =
T

or

e
R
e2
=
RT

f =

⎪
⎩ fS
irr

or

⎧
⎪
⎨ e = Rf
Rf2
⎪
⎩T =
f Sirr

or

⎧
e
⎪
⎪
⎨ f = R
Rf2
⎪
⎪T =
⎩
f Sirr
(1.12)

1.3.4 Basic Elements
We now have nine basic bond labels: (M)C, (M)I, (M)Se, (M)Sf, (M)R(S), (M)TF,
(M)GY, (X)0, and (X)1, which, for reasons of clarity can also be introduced bottomup, in the sense that each is defined in the simplest form possible and where ports
are power ports (as mentioned before, in case ports are not power ports, bond graphs
are commonly addressed as pseudo-bond graphs with pseudo-bonds). This simplest
form is the minimum number of ports and a minimum number of constitutive parameters, which results in the linear form. This results in one-port C, I, Se, Sf, and R, as
well as the two-port TF, GY, and RS that are all characterized by one parameter and
the 0- and 1-junctions, which are always linear, have no parameter at all. Junctions
should have at least two ports to be power continuous, but that would limit the
possible structures to chains only. This means that the simplest form of a junction
required to be able to build arbitrary structures should have a minimum of three
ports. In case the constitutive parameter of an element is replaced by a function
of time, the modulated and switched versions of the basic elements, i.e., MC, MI,
MSe, MSf, MR(S), MTF, MGY, X0, and X1, are obtained (cf. Table 1.3).
Note that Paynter [2] originally used only one-letter labels for the node types:
E instead of Se, F instead of Sf, T instead of TF, and G instead of GY. His students Karnopp and Rosenberg [8] noted that interpretation became easier when in
some cases two- and three-letter labels were used and they introduced the labeling used herein. In some dialects, e.g., [12], the 0- and 1-junctions are replaced
by e- and f -junctions (common effort and common flow junction, respectively) or
even using the domain-dependent symbols of effort and flow, like u for common
voltage junction, v for common velocity junction, and T for common temperature
junction. Thoma [13] uses a dialect that violates our earlier attempt to only focus at
the topological structure of relations between concepts: he uses the so-called s- and
p-junctions, where he relates an s-junction to a series connection and a p-junction
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Table 1.3 Basic node types

Node label
M)C
(M)I

Linear (time-variant) constitutive relation

f dt

f − I −1 (·) p = 0; p = edt

e − C −1 (·) q = 0; q =

(M)TF

e = e (·) ; ddef = 0
df
f = f (·) ; de = 0


R (·) f 2
=
0
e − R (·) f = 0; f Sirr −
T
e1 − n (·) e2 = 0; f 2 − n (·) f 1 = 0

(M)GY

e1 − r (·) f 2 = 0; e2 − r (·) f 1 = 0

0

ei = e j

(M)Se
(M)Sf
(M)R(S)

1

fi = f j

n


∀i = j;

εi f i = 0 ∀εi ∈ {−1, +1}, +1: inward; −1: outward

i=1
n


∀i = j;

εi ei = 0

∀εi ∈ {−1, +1}, +1: inward; −1: outward

i=1

X0

ei = if condition then e j else 0 endif
f j = if condition then

X1

f i = if condition

n−1


εi f i
i=1
then f j else 0

e j = if condition then

n−1


εi ei

∀ j = i;

∀i = j, εi ∈ {−1, +1} else 0 endif
endif

∀ j = i;

∀i = j,

εi ∈ {−1, +1} else 0 endif

i=1

to a parallel connection. Given that this only has a meaning for physical structures
and confuses a topological representation of concepts with a spatial representation,
we strongly advise against the use of the terminology in this dialect, as it causes a
form of confusion during physical systems modeling that can be quite misleading.
Again it is emphasized that although the terminology (power, energy, entropy,
and temperature) seems to imply a link with the physics, the link with the corresponding physical concepts like energy and power will be made during the discussion of port-based modeling. This section lists unambiguous definitions of the
most elementary node types. However, any user can add specific nodes to these
definitions. The answer whether it makes sense in the context of port-based modeling does not belong in the framework of the description of the notation itself: it
is possible to express both sense and nonsense in terms of correct language, and
bond graphs are nothing more or less than a graphical language of which we are
discussing the semantics and grammar rules. In Section 1.4 we add causal port properties and causality assignment to set the stage for using this graphical language in
physical system modeling, but first we shortly discuss how an existing model can be
translated or transformed into a bond graph. In Section 1.5 it will become clear that
aspects of the causality assignment procedure can also be used during the process
of modeling itself as they provide immediate feedback on the modeling decisions
being taken.
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1.3.5 Model Transformation into a Bond Graph
When a model is already available in the form of a domain-dependent iconic
representation like an electrical circuit diagram or a mechanical schematic,
it can be converted into a domain-independent bond graph by first identifying the domains that are present (step 1) and choosing a reference effort (or
velocity) (step 2), next identifying all the port types that are present (step 3)
and listing to which effort or effort difference (velocity or velocity difference)
they are connected (step 4). All efforts can be represented by a 0-junction
(step 5) and all effort differences can be represented by a 0-junction that is
connected to the two 0-junctions of which it is a difference by means of a
1-junction and bond orientations that result in this difference (step 6). Similarly,
all velocities can be represented by a 1-junction (step 5) and all relative velocities
(‘velocity differences’) can be represented by a 1-junction that is connected tot the
two 1-junctions of which it is a difference by means of a 0-junction and proper bond
orientations (step 6). Finally all ports can be connected to this junction structure
using the list made during step 4 (step 7). Finally superfluous junctions can be
omitted (junction structure simplification; step 8) [14, pp. 297–311]. These eight
steps can be used to perform model transformation.
Take, for instance, the model represented in Fig. 1.6 by an iconic diagram
which shows an ideal planar pendulum driven by an electric dynamic transducer
(motor/generator) connected to a voltage source. The model has four domains in
the mechanical framework of variables that we will use, viz., the electromagnetic
domain, two orthogonal mechanical translation domains, and the rotational domain.
In the thermodynamic framework it would have eight domains, viz., electric, magnetic, three potential, and three kinetic domains for each of the two independent
coordinates of the plane as well as the rotation in that plane, but as the iconic
diagram model is already based on the mechanical framework of variables, we
choose to work herein and show the transition to the thermodynamic framework
later. Hence four references (in the mechanical case: reference directions) need to
be identified: the electric ground as indicated in the iconic diagram as well as the
reference frame with the orthogonal velocities in the x- and y-directions that span
the plane and the angular velocity in that plane. The already identified elementary
behaviors in the electromagnetic domain are (cf. Fig. 1.6) an ideal voltage source,
the series resistance of the current loop, i.e., mainly of the motor windings, the series
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inductance of the motor windings, and the electric port of the ideal motor/generator
(magnetic field assumed to be constant!). The other port of the motor is in the
rotational domain, in which also the motor inertia and the bearing friction can be
identified in the iconic diagram. The symbol for the pendulum mass indicates that
it is assumed to be a point mass with I-type storages in both coordinate directions.
If one of these directions is in parallel with the gravitational acceleration, the iconic
diagram expresses that there is a constant force of effort (force) on the corresponding
I-type port, which corresponds to an Se-type port.
What remains to be done is to translate the configuration information of the pendulum, i.e., the rigid constraint between the pivot point and the point mass
x = l cos ϕ

(1.13)

y = l sin ϕ

(1.14)
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into velocity relations that generate the remaining part of the junction structure that
for the time being can be modeled as a three-port position-modulated transformer
(with ϕ being the modulating state) with flow relations:
ẋ = (−l sin ϕ) ϕ̇

(1.15)

ẏ = (l cos ϕ) ϕ̇

(1.16)

and due to the necessity of power continuity of the constraint:
Tϕ ϕ̇ = Fx ẋ + Fy ẏ = (−l sin ϕ) Fx ϕ̇ + (l cos ϕ) Fy ϕ̇

(1.17)

The torque force relation should be
Tϕ = (−l sin ϕ) Fx + (l cos ϕ) Fy

(1.18)

resulting in the 2 × 1 transformation matrix


−l sin ϕ
l cos ϕ


(1.19)

that characterizes this 2 × 1-port MTF.
Via the intermediate steps mentioned above (cf. Fig. 1.7a–c) and a straightforward decomposition [15, 16] of the 2 × 1-port MTF into two elementary MTFs the
final bond graph in Fig. 1.7d is obtained.

1.4 Computational Causality and Causality Assignment
1.4.1 Introduction
Although there are physical arguments for some of the causal port properties, this
section will only address the possible causal port properties and a causality assignment algorithm that is based on these properties. The implications on physical
system modeling will be discussed later. The aim of this particular algorithm is to
generate a computational structure that is optimally suited for computer simulation,
but other algorithms can be defined that have other purposes.
Each port in a true bond graph is characterized by four relevant objects: effort,
flow, power, and the constitutive relation between effort and flow that may contain
an integration or differentiation with respect to time. In case of pseudo-bonds there
are only three relevant objects, effort, flow, and constitutive relation, as the conjugation of effort and flow is not related to power. In case of linearity, the constitutive
relation is characterized by just one parameter per port. It depends on the purpose
of the model that is being represented by the bond graph which of these objects
are independent and which are dependent with respect to a particular port. If the
constitutive relation is a known and therefore independent object, either the effort
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or the flow has to be an independent variable due to the definition of a constitutive
relation, while the (power) conjugate variable is by definition dependent. As a result,
the power is a dependent variable too, because it is equal to the product of the power
conjugate variables effort and flow. When the constitutive relation is the dependent
object – as is the case in the context of design or parameter estimation – both the
effort and the flow can be considered independent objects of a port.
Hence, we can distinguish two situations:
1. Known constitutive relation: Either the effort or the flow is an independent variable, power can always be computed as the product of effort and flow
2. Unknown constitutive relation: Both effort and flow are independent variables
In the first case the effort and flow can be considered bilateral signals at the port
(cf. Fig. 1.4). Consequently, the bond connected to that port represents a bilateral
signal flow and at the port at the other side of the bond, the roles of effort and flow
in the constitutive relation of that port are reversed.
While a bond graph is being constructed a choice has to be made for each port
between independent (input) and dependent (output) port variable. If the effort of
a bond serves as the input for one of the two ports it connects, it has to be the
output of the other port. Due to the bilateral nature of the connection the flow of
the first port has to be an output and serves as an input for the second port. When
a choice is made, this is indicated in the bond graph by a causal stroke at the end
of the bond that is connected to the port where the effort is an independent variable
and the conjugate flow a dependent variable. As a result, the open end of the bond
(i.e., the end without a causal stroke) is connected to the port where the flow is an
independent variable and the conjugate effort a dependent variable (Fig. 1.4). When
a bond graph is ready and fully augmented with causal strokes, it can be automatically converted into a set of computable assignment statements. The assignment
of this computational causality or, if no confusion is possible, just causality is an
algorithmic process based on the causal properties of each port and/or node type
[8, 17]. The graphical representation of this computational structure also gives a
modeler immediate feedback on his modeling decisions [18].
In the second case it is possible that at some port both effort and flow are independently given and the constitutive relation (the constitutive parameter of the linear
case) is the dependent object. As mentioned before, this situation has been addressed
in the literature as ‘bi-causality’ (cf. Chapters 5 and 6). The concept of bi-causality
may play a role in design and identification of unknown constitutive relations. In
some dialects it is represented by drawing only the upper half of the causal stroke
at the port where both effort and flow are given and by putting the lower half of the
stroke at the other side of the bond, assuming that the bond is drawn horizontally
to be able to explain the position in terms of ‘upper’ and ‘lower.’ Naturally the
orientation of a bond in the drawing plane of the graph has no meaning as it is
topological, so the concept of ‘lower’ will be defined with respect to a bond in
the side of the bond where the little stroke of the half arrow is located. Obviously
the concept of ‘upper’ is the other side of the bond. It is clear that in a context of
modeling existing dynamic behavior with the purpose of numerical simulation the
situation that a constitutive relation is unknown is not relevant and is merely used for
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computational purposes related to design and parameter estimation/identification in
which one may have doubts about the added value of graphical representation in a
bond graph. For this reason, only the first case will be considered in the remainder
of this section.

1.4.2 Causal Port Properties
Ports may have different causal properties:
(1) The causality of the port is fixed. This occurs in two situations:
(a) Either the effort or the flow is a given input of the port, independent of the
conjugate variable. This corresponds to the definitions of the (M)Se and
the (M)Sf nodes.
(b) The constitutive relation has a form that can only be made explicit in one
causal form (non-invertible) any other node except the junctions.
(2) There is a preference for a particular causality. For example, in case there is
a preference for integration over differentiation with respect to time, the ports
of the storage nodes, (M)C and (M)I, may be given a preferred causality, viz.,
effort-out (C) and flow-out (I), respectively. This will turn out to be the most
common preferred causality later, when a causality assignment algorithm is discussed aimed at generating a set of differential equations that is in an optimal
form for numerical simulation.
(3) There is a constraint between the causality of two or more ports of a node. This
is the case for the elementary two port nodes (M)TF and (M)GY: the (M)TF
always has only one stroke at the node, while the (M)GY has either both strokes
at the node or both open ends. The junctions also have such a causal constraint:
an n-port 0-junction has one stroke at the node and n − 1 open ends, while an
n-port 1-junction has one open end at the node and n − 1 causal strokes. The
same holds for the X0 and the X1 in principle, but in many cases they will be
given a fixed causality, given the discontinuous and consequently non-invertible
nature of their constitutive relations.
(4) In all other cases there is arbitrary causality or free causality, which means that
the causality can be chosen freely or is determined by the causal properties of
the port at the other side of the bond.

1.4.3 Causality Assignment
Causality assignment or causal augmentation is an algorithmic procedure that can
be applied to a bond graph based on the causal port properties of its nodes. An
important process during this assignment is the propagation of causality via causal
constraints. This means that when the port of a node with constrained causal port
properties gets its causality assigned in such a way that it determines the causality
of one or more of its other ports on the basis of the constraint, the causality is
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propagated via these other ports, which in turn can cause propagation at the other
nodes to which these ports are attached until the process stops. The causal bonds
resulting from such a propagation process form a so-called causal path. When
causality propagation results in a closed causal path or causal cycle, in most cases a
global constraint can be applied on that cycle that depends on the particular domain
represented by the graph.
In short, the following steps are taken:
(1) Choose an unassigned port with a fixed causality of type 1a, assign it, and check
that the causality of the port at the other side of the bond, which is assigned as
a result
(a) either is not in conflict with a fixed causality of that port: If there is a
conflict with a fixed causality of type 1a, the bond graph is ill-posed; if
there is a conflict with a fixed causality of type 1b, the constitutive relation should be changed into an invertible one or approximated by iteration
during numerical solution, or
(b) corresponds to the preferred causality of that port: If not, the consequences
should be checked based on the origin of the preference, or
(c) is propagated via the causal constraint of the port of the other side of the
bond to one or more ports for which all these checks should be repeated
until propagation ends, or
(d) is an arbitrary or free causality.
Continue with (1) until all ports with fixed causality of type 1a are
assigned.
(2) Choose an unassigned port with a fixed causality of type 1b, assign it, and check
that the causality of the port at the other side of the bond, which is assigned as
a result
(a) either is not in conflict with a fixed causality of that port: A conflict with
a fixed causality of type 1a cannot occur here, as it should have become
apparent during step 1; if there is a conflict with another fixed causality
of type 1b, one of the two constitutive relations should be changed into an
invertible one, approximated by iteration or the resulting combination of
involved constitutive relations should be rewritten analytically, or
(b) corresponds to the preferred causality of that port; if not, the consequences
should be checked based on the origin of the preference: preferably the constitutive relation should be changed as assigning a non-preferred causality
in this manner unnecessarily decreases the order of the set of state equations
represented by the bond graph, or
(c) is propagated via the causal constraint of the port of the other side of the
bond to one or more ports for which all these checks should be repeated
until propagation ends, or
(d) is an arbitrary or free causality.
Continue with (2) until all ports with fixed causality of type 1b are
assigned.
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(3) Choose an unassigned port with a preferred causality, assign it, and check that
the causality of the port at the other side of the bond, which is assigned as a
result
(a) either corresponds to the preferred causality of that port; if not, this means
that the corresponding states are not independent of each other (in case of
integral preferred causality) or that the states or not independently controllable (in case of differential preferred causality), or
(b) is propagated via the causal constraint of the port of the other side of the
bond to one or more ports for which all these checks should be repeated
until propagation ends, or
(c) is an arbitrary or free causality.
Continue with (3) until all ports with preferred causality are assigned.
If all bonds have obtained their causality after this step a set of ordinary
differential equations (ODE) is obtained, if not, the result will be a set of
mixed differential and algebraic equations (DAE).
(4) Choose an unassigned port with an arbitrary causality, choose a causality, and
check that the causality of the port at the other side of the bond, which is
assigned as a result
(a) either is propagated via the causal constraint of the port of the other side
of the bond to one or more ports for which all these checks should be
repeated until propagation ends, or
(b) is an arbitrary or free causality too; make an inventory of all the algebraic
loops that occur as a result of the first choice and compare it with the
properties of the algebraic loop(s) that would occur when the first choice
would have been different. If solution of the algebraic loops by iteration
is no option, the set of constitutive relations that is part of the causal path
can be written in an explicit form analytically. Note that the choice of the
arbitrary causality may influence the loop gain of the algebraic loop and
may be adapted to obtain a set of algebraic relations that is optimal for
numerical solution.
Continue with (4) until all ports with arbitrary causality are assigned.

1.4.4 Causality Assignment Example
Straightforward application of the causality assignment to the bond graph in Fig. 1.7
results in Fig. 1.8, where the numbers refer to the sequential order in which the
causal strokes were assigned. Note that the two I-type storage elements representing
the pendulum point mass do not get their preferred causality. Section 1.5 will explain
and solve this issue.
A causal bond graph is commonly synonymous with a set of ordinary first-order
differential equations (ODE) that can be automatically generated from the graph
when the constitutive relations of each port are well defined (linear relations are

26

P.C. Breedveld

Fig. 1.8 Causality
assignment to bond graph of
example model
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used by default). In case dependent storage ports or algebraic loops are detected
during causality assignment, like in Fig. 1.8, the user knows that the generated
set of equations is a mixed set of differential and algebraic equations (DAE) in
principle – automated symbolic processes may still generate a set of ODE’s –
such that an appropriate choice of a numerical integration method has to be made
[19]. Modeling and simulation tools like 20sim can make efficient use of these
aspects (www.20sim.com), such that a first simulation result of a modeling idea or a
dynamic effect on a model change can be easily obtained, thus providing fast feedback on modeling decisions, which improves the modeling and model debugging
processes.

1.5 Port-Based Physical System Modeling
1.5.1 Introduction
Modeling can be defined as the creation of an abstraction of a (part of a) problem
and its context in such a way that the abstraction helps the modeler deal with that
problem, where a problem should be considered in the most general sense of the
word: the need for more insight can be seen as a problem as well. Obviously, there is
no such thing as THE model, as each modeler will make his own modeling decisions
and it is highly unlikely that these are always the same. Furthermore, even though a
man-made device may have been constructed from the perspective of one particular
functional model, the context of its physical realization will rarely be identical, such
that different models are needed that depend on a particular context. This means that
it makes no sense trying to find out if one particular model is ‘true’ or ‘false’: the
key issue is whether or not the model is competent to help the modeler answer his
question in the most general sense of the word. In many cases this competence can
be quantified by the error between the numerical results of a model and measurements of relevant aspects in the real world that the model tries to capture. However,
in some cases a qualitative correspondence in the sense of the nature of the behavior
(e.g., oscillation, relaxation, and (in)stability) may already lead to the solution of a
problem without considering numerical errors.
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1.5.1.1 Intended Behavior Versus Parasitic Behavior
In case a model needs to be created for trouble-shooting purposes of a man-made
device with an intended functional behavior, the designer of that device is often
not the most successful modeler as the problems often result from the difference
between the behavior of the actual physical realization and the conceptual picture of
reality that the designer used to create a particular functionality and that is a model
as well. The trouble-shooter should model the physical effects that are ‘parasitic,’
i.e., not contributing to the intended functionality. Parasitic effects are effects that
are neglected initially, yet influence the behavior in such a way that they should be
included in a model to be able to capture the behavior that is of interest. They should
be made part of the model in order to be able to solve the problem at hand.

1.5.2 Basic Physical Principles
In case of the general context of physical systems, i.e., systems of which the behavior is supposed to obey the basic principles of (classical) physics, a model of the
dynamic behavior of a physical system is also supposed to correspond to these basic
principles like energy conservation, and positive entropy production and the conservation principles of the generic physical quantities like momentum, electric charge,
magnetic flux (linkage), and entropy (while allowing that entropy is produced as
well!). These principles can be considered generic modeling assumptions.

1.5.3 Modeling Versus Model Transformation
Many textbooks that claim to discuss modeling ‘pollute’ the picture of modeling
sketched above, as they do not describe the process of modeling itself, but the
process of transforming one model description (usually in the form of natural language supported by sketches or diagrams) into another one, usually in the form of
a set of (differential) equations or a block diagram representing a computational
structure or even the input code of a specific simulation package. The modeling
decisions themselves, i.e., the decisions about the physical phenomena that should
be represented by the model in order to obtain a competent description of reality
in a particular problem context, commonly do not play a large role. For instance,
when Feynman et al. [20] in his Lectures on Physics part 1 Fig. 4.7 shows a pendulum, his text makes clear that his ‘pendulum’ is already a model consisting of ideal
concepts: a point mass, an infinitely stiff, massless constraint, and an ideal pivot
point. The transformation into equations then becomes a process with a unique
result. Zill [21, p. 209] makes a difference between a ‘physical pendulum’ – any
object that swings back and forth – and a ‘simple pendulum’ for which he explicitly
states most assumptions. However, his concept ‘mass’ is implicitly assumed to be
a point mass and his concept ‘rod’ is implicitly assumed to be infinitely stiff. He
then generates the corresponding differential equation (= model transformation)
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by writing the constraint of the rod in terms of accelerations and relates this via
Newton’s second law to the tangential force. By referring to his sketch he equates
this force to the tangential component of the gravitational force and thus obtains
a nonlinear second-order differential equation in the angular displacement of the
pendulum from its equilibrium position. No attention is paid to the background of
the modeling decisions when they cease to lead to a competent model and this is
typical for many descriptions of a modeling process.
The transformation of the iconic diagram of the simple pendulum model into
a second-order differential equation is unique, given a choice of relevant variables
(angular, tangential, horizontal, or vertical displacement) and parameters (pendulum
length and mass, gravitational acceleration). It is a suitable exercise in model transformation for engineering students, but has nothing in common with the modeling
process itself, i.e., the decision under which circumstances this model is a competent abstraction from reality that helps answer a question. As it is easier to create
an appearance of objectivity in exams by testing model transformation abilities on
the basis of one possible result, while model decisions are much less strict and by
definition subjective to some extent, most educational systems that have deviated
from the master–pupil model for efficiency reasons have also deviated from teaching
the actual process of modeling as a consequence.
Before the time of computer simulation, many could counter this criticism
by demonstrating that bringing in more complex aspects into a model leads to
differential equations that cannot be solved analytically, giving not much room for
competence to help to solve a problem. In other words, the availability of solvable model structures was relatively small and the decision process restricted to
the selection of a model structure that would best capture the data. However, using
computer simulation, the behavior of much more complex models can be studied,
which means that carefully taken modeling decisions and explicit assumptions are a
key to competent models for real-world situations.

1.5.4 Model Representations
Apart from mathematical model representations in terms of differential equations,
many graphical model representations exist: block diagrams and signal flow graphs
are used to represent the mathematical structure of a model, Venn diagrams and Petri
nets represent the logi(sti)c structure of systems in which the events are considered
to be discrete in time, electrical circuit diagrams represent both the relations between
the electrical properties of physical components and the relations between conceptual elements. Iconic diagrams similar to circuit diagrams exist for the mechanic,
hydraulic, pneumatic, and thermal domains, even though the symbols are often not
as well defined as in the electrical case, the picture of a simple pendulum model
being an already used example. In all cases, however, the (arbitrarily) chosen metric
of the topological graph has no meaning: The location of the nodes with respect to
each other is commonly chosen such that the picture gives an organized impression.
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Fig. 1.9 Simple electrical
circuit diagram

For instance, in an electrical circuit diagram the unwritten, heuristic rule is that
the reference node is at the bottom, nodes related to sources at the left, and nodes
related to loads at the right, while the nodes are kept as much as possible at a grid
and the symbols of the labeled edges are connected to the nodes by straight lines
(Fig. 1.9).
By contrast, in a linear graph [22], which can be seen as an abstraction of a circuit
diagram, the edge symbols are replaced by edge mnemonic codes that are not part of
the edge anymore, while the edges are commonly drawn as curved lines. In his earlier mentioned lecture with the challenging title ‘complete breakdown of intuition,’
Lewin incorrectly implies that the arbitrary area enclosed by the edges of a circuit
diagram can be related to an actual area enclosed by a current-carrying wire, a current that can be (among other things) the result of a magnetic field surrounded by this
wire. Note that the arbitrary area is only present in the graph in order to represent the
nodes separate from each other and that the layout can be changed without changing
its meaning. The influence of a magnetic field on an actual (‘spatial’) area enclosed
by actual wires thus has to be separately represented in a graph (circuit diagram)
by the concept of an ideal inductor (‘conceptual concentration’), which would have
prevented the paradoxal conclusions Lewin makes and which even makes him state
that ‘Kirchhoff is for the birds.’ Even though this may have been an educational trick
to draw the attention of the audience, downplaying famous scientists like Kirchhoff
and even downplaying his own colleagues of whom he says in a suggestive way that
their correct claim that he is cheating ‘is telling you something about them’ does
not seem to fit in this explanation. The point where he is actually cheating is when
he claims that the voltmeters are connected to the same points: he has connected
the voltmeters to different points in space, viz., immediately across the spatially
separate resistors, interpreting the wires as ideal connectors which can then be considered to be ‘the same points’ from the perspective of electric potentials. However,
the wires between these points constitute the majority of the winding that picks
up the induced current, thus generating an induced voltage between his points of
measurement. Like one of the comments on YouTube puts it: ‘There is no problem
in interpreting the flux term in Faraday’s equation as an EMF, it is done historically
and everyone knows that is not a gradient of a scalar potential.’ (EMF stands here
for electromotive force, the induced voltage, and is often called back-EMF when
this voltage is generated by a spinning motor and thus a measure for its speed.)
The reason for spending so many words on this issue is that these kinds of confusions are deeply rooted in our scientific culture. A good way to prevent oneself
from falling into the traps of confusing modeling with model transformation, of
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confusing spatial information with a topology representing conceptual structure and
unjustified extrapolation of existing models is to use the following checklist:
Checklist for modeling physical systems:
• Make problem context explicit as much as possible and iterate at any time when
needed
• Make implicit assumptions explicit
• Keep record of all assumptions being made
• Keep the spatial configuration information separate from the topology that represents conceptual structure, even if the variables happen to coincide
Note that the example of the model with the ideal pendulum in Fig. 1.6 is an
example of a situation where the position variable (the angular position ϕ) merely
describes a configuration state.
Next we study the conceptual foundations of each dynamic model.

1.5.5 The Concepts of System Boundary and Environment
The system boundary separates the system or subsystem from its environment. The
environment of a system is that part of the rest of the universe that has some form of
relation with the system. The environment can influence the behavior of the system,
but not its dynamic characteristics. The system boundary is the boundary between a
system and its environment that can be defined on the basis of a boundary criterion.
Common boundary criteria are based on the concept of state that will be discussed
first.

1.5.6 The Concepts of State, Equilibrium, and Change of State
All dynamic models are based on the concept of state. States can be divided into
extensive states, i.e., states that are proportional to the extent (either spatial, material, or both) of the physical object of which the behavior is described, and intensive states, i.e., states that are independent of the extent of this physical object.
An extensive state can be related to a conservation principle (momentum, charge,
matter,
magnetic flux, displacement, etc.), i.e., if q is a state it satisfies the property

dq = 0, and its dialectic complement, the ‘rate of change of state’, dq/dt = f
is generally considered a flow of the corresponding quantity in a general sense, as
conservation is also interpreted in the sense that an exchange of a stored quantity has
to take place via the intermediate space. In other words it is assumed that conservation is not achieved by simultaneous annihilation and generation at the same rate.
The state and its rate of change are considered dialectic complements as a state has
no meaning when it cannot change and a flow has no meaning if it does not result
in change of state, even when this state is not included in the model. The latter
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remark refers to the situation that storage of ‘what is flowing’ is not always relevant to understand behavior. This is the case when constant (= ‘stationary’) flows
play a role in a model. In other words, flows can exist that describe an exchange
with a non-storing concept, i.e., they are not identical to a rate of change of state,
although they may contribute to it. This process of shaping concepts can be seen as
‘conceptual concentration’: even though the flow is in principle always related to a
change of state, it may be decoupled from it by concentrating the change of state
in a particular concept (‘storage’) and concentrating the description the contribution to the change of state in a separate summation of contributions, i.e., flows that
are not a time derivative of a state individually, but contribute to it via a so-called
balance equation. This approach allows that the storage related to flows is not part
of the model, but of the environment, such that there is no need to describe it as
storage.
A system is said to be in its equilibrium state when the system is not exposed
to changing environmental influences (there may be a constant influence though)
and all the rates of change of state are zero and consequently all states constant.
This means that flows can be considered ‘equilibrium-establishing variables’: the
net result of contributing flows to a rate of change of state is unequal to zero until
the equilibrium state is reached. This leaves room for some flows not being zero,
but having a constant value in equilibrium. In other words, the concept of a flow
can be generalized by realizing that each contribution to a rate of change of state in
a balance equation can be considered a flow, such that a flow itself does not have
to be equal to a rate of change itself. This means that an equilibrium situation can
occur if the sum of the non-zero, constant flows in a balance equation results in a
zero rate of change of state. Such a special case of equilibrium is called a stationary
state.
When a state of an object is identified, it is considered the same for the whole
extent of the object or concept being considered. The extent itself is also a state, even
though it is often constant. When we increase the extent by bringing two objects
together that are in mutual equilibrium, i.e., do not result in flows when left to
interact freely with each other, the intensive state remains the same by definition.
In other words, the equilibrium between two objects is determined by the intensive
states being equal. On the other hand, a difference in intensive state(s) will generate
(a) change(s) of state or flow(s) until an equilibrium is reached. This brings us to the
heart of the description of dynamic physical processes: flows that establish equilibrium and intensive states or efforts that determine equilibrium and thus can be considered ‘equilibrium-determining variables.’ As a consequence, efforts and flows
are said to be dynamically conjugated. Note that this distinction for the concepts of
effort and flow is available for a thermodynamic type of variable classification (cf.
Table 1.1). We will see later that this distinction is lost in the mechanical framework
of variables (cf. Table 1.2) where the potential and kinetic domains are combined
into one domain, which is unfortunate for the process of identifying concepts during
modeling. Combined with checks of units and dimensions, the check on the nature
of physical variables forms a powerful instrument for taking modeling decisions and
checking the consistency of models.
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1.5.7 Boundary Criteria
The states that are commonly used as boundary criteria are ‘amount of matter,’ e.g.,
not only the fixed amount of matter in a rigid body, but also a fixed amount of fluid in
Lagrangian coordinates or the gas in a closed balloon, and ‘available volume’, e.g.,
not only a container with a fixed volume, but also a ‘control volume’ for the study
of fluid flow in Eulerian coordinates. In case of the ‘matter criterion’ the system
consists of a fixed amount of matter or rather the boundary is defined as a border
that does not allow exchange of matter. In case of the ‘volume criterion’ the system
consists of a fixed volume or rather the boundary is defined by a border that does
not allow volume changes. Note that the two latter formulations are more general
as they allow mixed boundaries like fluid flowing through a piece of flexible tube:
the openings are spatially fixed with respect to the wall boundaries and allow no
change of volume, while they do allow exchange of matter (fluid), while the tube
wall does not allow an exchange of matter, but it does allow a change of available
volume due to the flexibility of the tube. In principle, other conserved quantities like
electric charge could serve as a boundary criterion too, but this is seldom used.
In case of a spatial structure of components that are modeled as a network structure, the network structure is only constant if the subsystem boundaries maintain
their relative locations with respect to each other, in other words, each subsystem
should keep the same neighbors. This means that material subsystem boundaries
can only be used when they do not violate the network structure. For instance, rigid
bodies in a chain structure should not pass each other. In case the volume criterion
is used to define a subsystem boundary a similar constraint holds that is automatically satisfied if all volume boundaries are defined with respect to the same spatial
reference.

1.5.8 The Port Concept
Due to the dynamic conjugation of intensive state (equilibrium-determining variable
or effort) and rate of change of extensive state (equilibrium-establishing variable
or flow), the concept of a ‘port’ can be introduced as the medium of exchange of
the concepts effort and flow with other conceptual entities that represent dynamic
properties of physical objects. This way of looking at relationships between physical
concepts can be seen as a paradigm change with respect to the input–output way
of thinking that is induced by modeling in terms of block diagrams (with fixed,
explicit causality) as well as with respect to the completely a-causal description of,
for instance, balance equations. The possibility to represent the chosen causality for
a port in a bond graph as an algorithmic consequence of a particular interconnection,
not only generating a format of the model equations well suited for simulation but
also providing feedback to the modeler about his modeling decisions, is a feature
that makes a bond graph extremely well suited to construct and to represent portbased models.
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1.5.9 Bond Graph Construction
A bond graph can be written during modeling in a manner similar to the model
transformation into a bond graph representation:
Identify domains, choose a reference per domain, and identify common
equilibrium-determining variables. These are commonly efforts, but if the classical
mechanical framework of variables is used the kinetic effort, i.e., the velocity, is
dualized into a flow. Represent common efforts by 0-junctions and common velocities by 1-junctions. Identify the basic concepts that are needed to represent the
relevant phenomena per domain in terms of ports. For instance, an ideal transformer
that connects two domains has two ports and each of them has to be identified.
Next it has to be determined to which effort (velocity) or effort difference (velocity
difference) a port is to be connected. An effort difference can be constructed by
means of a 1-junction and a velocity difference can be constructed by means of a
0-junction, but all effort differences should be explicitly represented by 0-junctions,
while all velocity differences should be explicitly represented by 1-junctions. Next
all ports can be connected to 0-junctions (or 1-junctions in case of mechanical ports)
and the bond graph can be simplified when possible. Note that the reference effort
or velocity is not represented by a junction (as it would result in an unnecessarily
complex graph that leads to the same result after simplification), unless one is interested in the value of the conjugate variable acting on the reference (e.g., the reaction
force or the ground current).
Returning to the causal bond graph of the example in Fig. 1.8 we can now
conclude that the differential causality of both I-elements results from the rigid
constraint between the rotor inertia and the point mass of the pendulum in the
two degrees of freedom of the plane. Even without writing equations the modeler gets this feedback from causality assignment and since this can be automated
this provides a means for immediate feedback on modeling decisions while drawing the bond graph. It immediately shows that infinitely rigid, massless mechanical constraints are in principle not physically realizable, but that it still may be a
good decision to neglect the elastic behavior of a stiff mechanical connection as
it introduces high frequent behavior in the model that may not be relevant for the
problem context and is at the same time costly for numerical integration. In case
the transformers would have a constant transformation ratio (no modulation), the
bond graph allows for a straightforward model transformation of both dependent
I-elements to the same junction as the rotor inertia, with which they can be combined into one I-element with integral causality, an operation analogous to application of the Huygens–Steiner theorem (e.g., [23]). However, in case of modulated transformers an additional gyristor [24] is generated (cf. Fig. 1.10) for both
x-direction

Tx = (−l sin ϕ)



d
d  2 2 
ml sin ϕ ϕ̇ − ml 2 sin ϕ cos ϕ ϕ̇ 2
(−ml sin ϕ) ϕ̇ =
dt
dt
(1.20)
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Fig. 1.10 Virtual inertia’s and gyristors resulting from a transformation of the I-elements to the
body-fixed frame in the example of Fig. 1.7

and y-direction
Ty = (l cos ϕ)




d
d  2
ml cos2 ϕ ϕ̇+ ml 2 sin ϕ cos ϕ ϕ̇ 2 (1.21)
(ml cos ϕ) ϕ̇ =
dt
dt

However, in this particular case of rotation, the sum of the two time-dependent
virtual inertias becomes a true (constant) inertia




d ml 2 sin2 ϕ ϕ̇
d ml 2 cos2 ϕ ϕ̇
dml 2 ϕ̇
+
=
dt
dt
dt

(1.22)

such that the total inertia becomes
J + ml 2

(1.23)

and the gyristor contributions compensate each other as a consequence:




− ml 2 sin ϕ cos ϕ ϕ̇ 2 + ml 2 sin ϕ cos ϕ ϕ̇ 2 = 0

(1.24)

Note that if the constraint would be elastic, the gyristors (GR) would stay in the
model and represent the fictitious forces like the centrifugal force (in case of a rigid
constraint, the corresponding velocity and thus the corresponding power is zero,
such that the contribution becomes irrelevant for the behavior).
The result of transforming both I-elements leaves only the Se-element representing gravity at the other side of the transformer. Taking a closer look at the
combination of configuration state-modulated MTF and Se shows that internal portmodulation results in a nonlinear C-element (cf. Fig. 1.11):
TC = −Tg = − (l cos ϕ) Fg = − (l cos ϕ) (−mg) = mgl cos ϕ

(1.25)
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Fig. 1.11 Resulting inertia combined with Se via a port-state-modulated transformer (a) resulting
in an IC second-order loop and (b) with nonlinear C

The causal path between the I and the C immediately shows the potential periodic behavior of the pendulum. For small angles around −π/2 this C-element
even becomes a linear C-element with parameter 1/mgl and the relation for the
oscillation frequency f can be seen directly from the graph to be the common
result:
1
1
ω
=
=
f =
√
2π
2π
2π IC



mgl
1
=
2
2π
J + ml



g
J
ml

+l

(1.26)

When compared to immediately writing a damped second-order model in the
angle ϕ for the pendulum, one may observe that the final result is identical, but that
the approach allows for physically motivated model extrapolation, e.g., a ‘springpendulum’ or a ‘pinned pendulum’ as well as connection to other domains like the
electric drive in the example. The example also shows how bond graph construction
provides immediate feedback on modeling decisions based on the causal port properties of the concepts used in the model to represent the modeling choices, based on
energy conservation and power continuity that is built in the notation. Next the role
of energy conservation is further explored for multiport storage.
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1.5.10 Energy Conservation
For physical systems a function E (q) = E (q1 , . . . , qn ) of the (conserved) extensive states q1 , . . . , qn can be defined that in turn is conserved. This conservation
is related to the evident requirement that the models we make are symmetric with
respect to time translation, in other words, a dynamic model should result in the
same behavior when starting from a particular initial state, independent of the exact
moment in time. Obviously, without such a constraint, modeling would be a senseless activity. Due to the principle of energy conservation, the energy is an extensive
state too, albeit a function of all other relevant extensive states. In principle, it is a
first-degree homogenous function of the extensive states as a consequence of being
extensive. A homogenous function F (x) satisfies the following property:
F (αx) = α nF(x)

(1.27)

where α is an arbitrary parameter and n is the degree, also called order, of the
homogenous function. Consequently, if α systems with energy E(q) that are in
mutual equilibrium are combined, the energy E(αq) of the resulting combination
is equal to α times the energy E(q), i.e., α 1 E(q), so the energy is indeed a firstdegree homogenous function in principle. Note that if there would not be mutual
equilibrium, the resulting energy depends on the process of combining and thus
would change the model.
In many modeling cases energy functions are used that are not first-degree
homogenous, due to keeping one of the states constant and not considering it a
state anymore, but a constitutive parameter. If one takes the example of an amount
of matter moving with respect to some inertial reference, the extensive states are its
amount of moles N and its momentum p. The (kinetic) energy is
E kin ( p, N ) =

p2
2M N

(1.28)

where M is the molar mass (a material parameter). Since
E kin (αp, α N ) =

p2
α2 p2
=α
= α 1 E kin ( p, N )
2Mα N
2M N

(1.29)

the kinetic energy is a first-degree homogenous function and thus an extensive quantity. However, when using the concept of a rigid body, the constant amount of moles
is commonly not considered a (constant) state anymore, but part of the constitutive
parameter ‘mass’ m = M N , such that the kinetic energy becomes a second-degree
homogenous (quadratic) function of the momentum p:
E kin (αp) =

α2 p2
= α 2 E kin ( p)
2m

(1.30)
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and in this case equal to the negative value of its Legendre transform L with respect
to p
L (E kin ( p)) p =

∂ E kin ( p)
p − E kin ( p) = vp − E kin = L (v)
∂p

(1.31)

i.e., the complementary energy or co-energy
∗
E kin
(v) = −L (v) = vp − E kin =

1 2
mv
2

(1.32)

where v is the velocity of the body
v=

p
∂ E kin ( p)
=
∂p
m

(1.33)

The partial derivatives of the energy with respect to the states q
∂ E (q)
= ei (q)
∂qi

(1.34)

are called efforts and are, again in principle (!), zero-degree homogenous functions
of the extensive states and are intensive states as a consequence:
ei (αq) =

∂ E (q)
α∂ E (q)
∂ E (q)
∂ E (αq)
=
= α0
=
∂αqi
α∂qi
∂qi
∂qi

(1.35)

Note that the velocity is an intensive state in the kinetic domain, i.e., the domain
linked to the extensive momentum state, and thus the equilibrium-determining variable of the kinetic domain, and that there is an intensive state of the material domain
μtot (total material potential) too:
μtot ( p, N ) =

p2
Mv 2
∂ E kin ( p, N )
=−
= μtot (v)
=
−
∂M
2
2M N 2

(1.36)

The latter relation between the two intensities can also be seen as the result of the
fact that the total Legendre transform of a first-degree homogenous function is equal
to zero:
L (E (q)) = E (q) −
i

∂ E (q)
qi = E (q) −
∂qi

ei qi = L (e) = 0

(1.37)

i

This means that one of the intensities is a function of the other ones or, in other
words, the number of independent intensive states is one less than the number of
extensive states. This makes sense, since the information about the extent itself is
omitted from the intensive description. If we would have assumed in our example
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that the density of the matter ρ is constant, the mass can also be described by the
volume V it consumes, i.e., m = ρV , such that
2

p
∂ 2ρV
p2
∂ E kin ( p, V )
ρv 2
=
=−
=
−
∂V
∂V
2
2ρV 2

(1.38)

The latter term is equal to minus the so-called dynamic pressure that is used to
describe fluid flow.
Note that
∂ E (q)
qi =
∂qi

E (q) =
i

ei qi

(1.39)

i

is a property of any first-degree homogenous function (in thermodynamics called
Gibbs’ equation), while
dL (E (q)) = dE (q) − d

ei qi =
i

=

ei dqi −
i

ei dqi −
i

qi dei = −
i

qi dei = 0

(1.40)

i

The relation
n

qi dei = 0

(1.41)

i=1

is called the Gibbs–Duhem relation in thermodynamics [25], where n is the number
of extensive states involved, often written for a constant total amount of moles N in
the form
n−1
i=1

qi
dei = 0
N

(1.42)

where qi /N is the molar density of state qi (which becomes a molar fraction when
this state is another species), i.e., an intensive quantity, which is reflected in the
reduction of the amount of involved efforts to n − 1, while only n − 2 efforts remain
independent due to this relation which has the nature of a weighted sum.
When the conserved extensive states change during a dynamic process by
exchange due to flows, energy is exchanged too. This means that the (‘local’) rate
of change of the energy, called power P, is a relevant physical variable too
P=

dE (q)
=
dt

i

∂ E (q) dqi
=
∂qi dt

ei f i = eT f = e · f
i

(1.43)
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where we see that these particular intensities (efforts) and rates of change of extensities (flows) are not only dynamically conjugated but also power conjugated. Note
that, in addition to the energy conservation principle, also Heaviside’s principle is
assumed here, viz., that the energy has to transverse the intermediate space and that
the conservation is not maintained by annihilation in one ‘place’ and generation at
the same rate in another ‘place.’ The concept of ‘place’ is put between quotes in
order to emphasize that these ‘places’ may be spatially separated locations, but may
also indicate that the separation is merely conceptual, such that an interconnection
structure may be related to a spatial structure, but may also refer to a structure of
conceptual relations. Abstracting away from physical space often appears to be a
conceptual bridge too far for many, leading to all sorts of conflicting interpretations
and paradoxes, as will be discussed in more detail in Section 1.5.14.

1.5.11 The Power Port Concept and the Bond Graph Notation
In the above treatment a link was made between the physics and the variables effort,
flow, and power, for which we defined the bond graph notation earlier. This means
that a link between physical concepts and the bond graph notation can be made in
a straightforward manner. Given the definition of a C-type port in subsection 1.3.2,
Fig. 1.12 shows that the energy can be assumed to be stored in a multiport C-element
with n ports of which the efforts are equal to the partial derivatives of the energy
with respect to the extensive state variable stored via the corresponding port and
the conjugate flows are equal to the rates of change of this state. This means that
the energy function is a generating function of the n constitutive relations ei (q)
with dqi = f i dt. In the graph, the generating function is distinguished from the
constitutive parameter or relation by the use of a double colon (::) instead of a
colon. In order to create a flow when some difference exists between equilibriumdetermining variables (efforts), it is necessary that other types of ports than storing
ports can be described (e.g., irreversible transduction). The concepts of effort and
flow are thus generalized into variables that may contribute to a partial derivative of
the energy (generalized effort) and that may contribute to a rate of change of state
(generalized flow), but do not have to be identical to them. This corresponds to a
multiport-irreversible transducer that relates the effort vector of the multiport to the
conjugate flow vector. Due to the irreversible nature of this process, the net power
that flows into n − 1 of the ports has to come out at the thermal port of which the
flow represents the production of entropy that is related to an irreversible process

Fig. 1.12 Multiport
C-element representing
energy storage
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as a consequence of the principle of entropy production. The power of this port is
thermal power, i.e., a rate of change of heat.
In order to (conceptually) connect these non-storing ports to the storing ports,
nodes are needed that neither store nor make a difference between their ports, in
other words ports that are power continuous and port symmetric. It can be proven
that merely the demands of power continuity and port symmetry lead to two solutions for the constitutive relations that are linear and domain independent and can
be considered a combination of the generalized Kirchhoff current (flow) and voltage
(effort) laws with the commonness of the conjugate effort and flow, respectively [9].
Again, we emphasize that these nodes do not have to be spatially distinguishable:
they may spatially coincide with the fundamental physical behaviors (storage, irreversible transduction, etc.) that are needed to describe the dynamics of variables in
one spatial location. This also means that these variables will not be individually
measurable in that situation. However, if one wishes to represent such model structures graphically they will need to be given a separate location at a piece of paper
or a computer screen. This means that there is no automatic relation between the
spatial structure of objects under investigation and the graphical representation of
the concepts needed to describe dynamic behavior. This abstraction step in model
representation is for many people, both students and experienced researchers, a
bridge too far: they tend to confuse the conceptual structure between fundamental
dynamic behaviors with a spatial structure, not in the last place, because in some
domains physical components are created of which the dominant behavior, at least
within a certain range of operation, can be competently modeled by just one elementary behavior and thus represented by just one ideal conceptual element. On top of
that, the names of these physical components often coincide with the names of the
corresponding conceptual elements. This holds in particular for electrical circuits
where the names ‘resistor,’ ‘capacitor,’ ‘transformer,’ etc., are used in both cases,
but it also holds for the inertia of a rigid body in the mechanical domain.

1.5.12 Causality, Legendre Transforms, and Co-energy
As discussed in the previous section, the stored energy as a function of the extensive
states can be represented by a multiport C-type node in a bond graph (C-element). It
can be concluded that when this energy is used to generate the constitutive relations
of this multiport, the efforts are dependent variables of the stored extensive states,
i.e., an effort-out causality in the bond graph. This causality requires that all flows
at the ports are integrated with respect to time in order to obtain the change in state
that can be added to the initial state, which is a relevant parameter for each physical
storage port. If the interconnection to another port requires that the causality of a
port be inverted, this means that the extensive state is replaced in the constitutive
relation as an independent variable by the conjugate effort (intensive state) and that
the conjugate flow (the rate of change of the state) has to be obtained via differentiation with respect to time which leaves no room for the concept of initial state. This
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physical argument, combined with the fact that numerical differentiation amplifies
(numerical) noise, results in a preference for effort-out or integral causality for a
C-type port as opposed to flow-out or differential causality.
However, if a particular model requires non-preferred differential causality the
energy cannot be used as a generating function for the constitutive relations and
has to be Legendre transformed. As discussed earlier, the negative Legendre transform or co-energy with respect to the dependent extensive state(s) should now be
used as generating function and this changes the relation between the efforts at the
other ports and the generating function. In case one or more extensive states are
considered constant parameters in such a way that the constitutive relations become
linear, the energy and co-energy become equal in value, although they still have
different independent variables. This results in a common misinterpretation in the
sense that energy and co-energy are confused, which may have an impact on the
way a constitutive relation can be derived from a generating function:
E q∗i = −L (E (q))qi =

∂ E (q)
qi − E (q) = ei qi − E
∂qi

= E q∗i (q1 , . . . , qi−1 , ei , qi+1 , . . . , qn )

(1.44)

For example, take a two-port C characterized by the following energy function:
E (q) = E (q1 , q2 ) =

q12
2C (q2 )

(1.45)

The efforts then are
e1 =

∂ E (q1 , q2 )
q1
=
∂q1
C (q2 )

e2 =

q2
e2 dC (q2 )
dC (q2 )
∂ E (q1 , q2 )
= − 21
=− 1
∂q2
2 dq2
2C (q2 ) dq2

(1.46)

The co-energy with respect to q1 is
E q∗1 (e1 , q2 ) = e1 q1 − E (q1 , q2 ) = e12 C (q2 ) −

e2 C (q2 )
e12 C 2 (q2 )
(1.47)
=+ 1
2C (q2 )
2

and the second effort can be found as the negative value of the partial derivative of
this co-energy with respect to q2
∂ E q∗1 (e1 , q2 )
∂q2

=+

e12 dC (q2 )
= −e2
2 dq2

(1.48)
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which means that
e2 =

∂ E q∗1 (e1 , q2 )
∂q2

(1.49)

An example will make clear why the latter inequality is listed explicitly.
Take a flat-plate capacitor of which the fringing of the electric field lines can be
neglected. For the capacitance C, such a capacitor can be written as
C=

Aε
d

(1.50)

where A is the area of the plates, d the distance between the plates (spatial parameters), and ε the dielectric constant (material parameter). The energy can be written
(second-degree homogenous function) as
E (q) =

q2
q 2d
=
2C
2Aε

(1.51)

u 2 Aε
Cu 2
=
2
2d

(1.52)

and the co-energy
E ∗ (u) =

However, due to the linearity of the constitutive relation both are the same in
value and the latter expression is often called ‘energy’ as a consequence. When the
distance between the plates is not constant, the distance d is considered again a
state variable, say x, and the model should be extended with a mechanical port. The
mechanical effort (force) of this port can be obtained by partial differentiation of the
energy function (that is a third-degree homogenous function)
q2
q2x
=
2C (x)
2Aε

(1.53)

q 2 dC(x)
q2
∂ E(q, x)
=− 2
=
∂x
2Aε
2C (x) d x

(1.54)

E (q, x) =
with respect to x:
F (q, x) =

Note that the energy function is only written as a first-degree homogenous function
as the area is also considered as the product of two displacement states, such that all
extensive states are identified, even when kept constant.
Using
u (q, x) =

q
qx
∂ E (q, x)
=
=
∂q
C (x)
Aε

(1.55)
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F (u, x) can be written (i.e., after a change in causality) as
F (u, x) =

u 2 A2 ε 2
u 2 Aε
=
2Aεx 2
2x 2

(1.56)

However, if this operation is applied to the co-energy, because it is mistaken for
the energy, one obtains
F  (u, x) =

∂ E ∗ (u, x)
u 2 dC (x)
u 2 Aε
=
=−
∂x
2 dx
2x 2

(1.57)

so
F  (u, x) = −F (u, x)

(1.58)

In other words, there is the danger of at least a sign error when deriving the force
via partial differentiation of a generating function that is incorrectly considered an
energy, even though it has the same numerical value, but not the same independent variables. The reader is challenged to perform a similar analysis in case the
voltage is proportional to the third power of the charge, which will show him that
the difference may be more than ‘just’ a sign error that is often justified by some
action-is-minus-reaction reasoning. This moreover demonstrates the need for making a careful categorization of variables when modeling and the distinction between
equilibrium-determining and equilibrium-establishing variables certainly supports
this categorization.

1.5.13 The Thermodynamic Versus the Mechanical
Framework of Variables
The above treatment of the concepts of power and energy and its Legendre transforms is a typical thermodynamic approach [25], even though it holds for all
domains in which states and energy are useful concepts as demonstrated by the
above example of kinetic energy. It results in domains that are identified by one
extensive state q that is conserved, its rate of change or flow f that establishes the
equilibrium, and one intensive state or effort e that determines the equilibrium (cf.
Table 1.1 for particular instantiations). In the mechanical framework in Table 1.2,
two of these domains are combined into one, resulting in two types of extensive
state per domain, the so-called generalized displacements q and the generalized
momenta p, while the conjugate intensive variables are related to each other’s rates
of change by Hamilton’s equations, where the Hamiltonian H (q, p) is the energy
of the mechanical domain in principle (it can be generalized), i.e., the sum of the
kinetic and potential energies:
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∂ H (q, p)
d
= qi = vi
∂ pi
dt

(1.59)

∂ H (q, p)
d
= − pi = −Fi
∂qi
dt
or
∂ H (q, p)
=
∂ (q, p)

0 −I

q̇

I 0

ṗ

=

0 −I

v

I 0

F

= J−1

v
F

(1.60)

or, in non-preferred causality
v
F

=J

∂ H (q, p)
∂ (q, p)

(1.61)

where I is a unit matrix and J a so-called symplectic matrix or Poisson structure
matrix. Note that the so-called external forces can be simply added to this format, but
the most important conclusion is that when the generalized forces F and generalized
velocities v are used to describe the physical domains in a generalized mechanical
sense, the asymmetry between these variables is lost, as both can be equilibrium
establishing and equilibrium determining, which makes the use of these concepts
during modeling harder to use and interpret. However, given the large body of literature that is available on all aspects of this approach an extended mathematical
framework, inspired by a bond graph approach, was coined as ‘port-Hamiltonian
approach’ [26].
Another, even more important drawback of generalization of the mechanical
framework is the fact that the displacement variable that can be used to describe
storage of potential energy has the same nature as the variables needed to describe
the spatial configuration. In many cases the same variable describes configuration as
well as energy storage. This dual role of the displacement variable has brought many
to believe that force and displacement should be considered to be the conjugate
pair of variables for the mechanical domain, which leads to all sorts of confusing
analogies. However, it is easy to see that the initial length of a spring between two
masses does not influence its dynamic properties for linear motions: only the spring
constant and the masses determine the natural frequency of this system. However,
in case of planar or spatial motion or even linear motion with contact behavior like a
bouncing ball, the changing configuration modulates the energy transfer and in those
cases the configuration variable will influence the dynamics, but in a fundamentally
different manner than an energy state. This is why it is fruitful to distinguish between
(potential) energy states (displacements) and configuration states (positions), even if
the variable turns out to be the same mathematical state. Before the time of symbolic
processing, reduction of the states to the minimal set of independent states largely
supported the analysis. Using modern computer tools, dependent states can either
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be eliminated symbolically or solved numerically afterwards without bothering the
user, even though the user should carefully inspect the results in both cases.
The close relationship between configuration states and energy states creates
a preference for configuration-related variables in a model description, i.e., often
generalized momenta are replaced by generalized velocities in the relations, which
is rather straightforward in case the linearity of Newton’s law is assumed, which
always holds in classical mechanics. However, this means that a Legendre transform
is performed on the true energy function, the Hamiltonian H
H (q, p) = T (q, p) + V (q)

(1.62)

resulting in the Lagrangian L
L (q, q̇) = q̇t p − H (q, p) =
= T (q, p) + T ∗ (q, q̇) − (T (q, p) + V (q)) =
= T (q, p) + T ∗ (q, q̇) − T (q, p) − V (q) =

(1.63)

= T ∗ (q, q̇) − V (q)
in other words, the Lagrangian is the difference between kinetic co-energy T ∗ (q, q̇)
and potential energy V (q), where the position dependence of the kinetic (co-)energy
is the result of the coordinate transformation into generalized coordinates.

1.5.14 Energy States Versus Configuration States
As the first use of bond graph concepts was highly related to the mechanical domain
and heavily influenced by already existing mathematical modeling approaches for
mechanical systems, the distinction between energy states and configuration states
was usually not made and two types of state variables were distinguished, generalized displacement (q-type state stored via a C-type storage port) and generalized
momentum ( p-type state stored via an I-type storage port). As a consequence,
the asymmetry between effort and flow was lost as this approach combines two
domains and treats them as one (refer to thermal inertance paper and thesis). In the
two-domain approach the generalized potential domain has a generalized force-type
effort and a generalized velocity-type flow (rate of change of generalized displacement, while the generalized kinetic domain has a generalized velocity-type effort
and a generalized force-type flow (rate of change of momentum). In bond graph
terminology it is easy to see that a unit gyrator expresses that in an inertial frame
the net effort of the potential domain is equal to the flow of the kinetic domain,
while the effort of the kinetic domain determines the rate of change of displacement (flow) in the potential domain. Similarly, if one assumes quasi-stationary, i.e.,
non-radiating, electrical circuits, Maxwell’s equations that couple the magnetic and
electric domains can be reduced to a relation that equates the rate of change of
flux (linkage) (i.e., the magnetic flow) with a voltage (i.e., the electric effort) and a
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current (i.e., the electric flow) with a magnetomotive force (i.e., the magnetic effort).
In these specific cases (inertial frame and quasi-stationary networks) the interdomain relations reduce to identities that are expressed in a bond graph by a unit
gyrator called ‘symplectic gyrator’ (SGY). As dualizing, i.e., interchanging the roles
of effort and flow, the graph at one side of the SGY eliminates the SGY, the number
of variables is reduced, and the roles of effort and flow have become symmetric,
i.e., the distinction between equilibrium determining and equilibrium establishing
cannot be made anymore. This has caused endless discussions about whether a force
is analogous to a voltage or to a current, while the above discussion shows that this
is just a matter of which side of the SGY is dualized in the sense that the roles of
efforts and flows are interchanged. However, given the fact that the energy state of
the potential domain (displacement) is similar to and often coincides with a configuration state which is of importance for all domains, it is to be expected that most
of the modeling concepts in the model are part of the potential domain, such that
it is to be expected that dualization of the kinetic domain is more straightforward.
Something similar holds for electrical circuits: The only conceptual connection to
the magnetic domain is the ideal coil (inductor), while the rest of the circuit model
is part of the electrical domain. In that case it is also more straightforward to dualize
the magnetic storage port into an I-type port.
Due to the dual role of the displacement variable, it is possible to eliminate the
potential energy by choosing another description of the configuration space. For
instance, Einstein showed in his general theory of relativity in 1915 that as a mathematical result, it is possible to eliminate potential energy by such a transformation
of the space–time that gravity is reduced to a property (curvature) of space–time.
During the modeling process, where one is not yet interested in the mathematically minimal form of a model, but in a form that allows straightforward interpretation in terms of physical concepts, it is wise to represent the two roles of the position
variable separated, even if they merge mathematically into one variable when the
model is prepared for analysis or simulation.
The confusion that configuration information may cause when not kept separate
from other concepts also applies to topological representations. Graphs like circuit
diagrams or bond graphs are often interpreted as spatial relations or even with spatial
parameters like an area.
Earlier we discussed that assigning more meaning to certain model representations than they actually have leads to all sorts of confusions, similar to Lewin’s
incorrect interpretation of his own experiment, which is an example of confusing topological information with spatial information. Although Willems [3] does
recognize the basic principle of a bond graph that models of physical systems consist
of subsystems that are related by bilateral signal flows, these confusions also make
him reject bond graphs when he writes, emphasized by a separate frame at page 66
of his paper:

(1) ‘The requirement that the product of effort and flow must be power is sometimes
not natural, for example, in thermal interconnections.’
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(2) ‘In connecting terminals of mechanical systems, bond graph modeling equates
velocities, and sets the sum of the forces equal to zero. In reality one ought to
equate positions, not velocities. Equating velocities instead of positions leads to
incomplete models.’
(3) ‘Interconnections are made by means of terminals, while energy is transferred
through ports. Ports involve many terminals simultaneously. The interconnection of two electrical wires involves equating two terminal potentials and putting
the sum of two terminal currents to zero. The product of effort, namely, the
electrical potential, and flow, namely, the electrical current, for an electrical
connection has the dimension of power, but it is not power. Power involves
potential differences, while the interconnection constraint involves the terminal potentials themselves. It is not possible to interpret these interconnection
constraints as equating the power on both sides of the interconnection point.’
(4) ‘In many interconnections, it is unnecessary to have to worry about conservation
of energy.’
In particular points (2) and (3) refer to the earlier mentioned confusion, but we
will extensively comment on all of Willems’ arguments, because they represent the
beliefs of many and lead to erroneous conclusions, not only about bond graphs but
about modeling in general. It should be noted that Willems refers to classical bond
graphs based on the mechanical framework of variables with two types of storage
and velocity being a flow-type variable as discussed before.
Ad (1) Any self-respecting thermodynamic textbook will explain that the amount
of stored heat is not a state as it does not satisfy the criterion that its cyclic integral
equals zero, such that a heat flow is not a rate of change of state. If a model is
constrained to the thermal domain, heat or thermal energy is only a function of
the stored entropy and can serve as a state in that particular case only. In that case
also pseudo-bond graphs can be used to represent such models, so the constraint
that the two conjugated variables of a bond should always be power conjugated is
not as hard as Willems suggests. Furthermore, he writes in his main text that the
use of entropy flow ‘seems artificial.’ He probably means that for many students of
thermodynamics the concept of an entropy flow is counterintuitive, yet it is a wellaccepted concept in physics, which is absolutely necessary to describe the dynamic
interaction of the thermal domain with other domains like the mechanical domain
as the well-known treatment of an ideal Carnot cycle demonstrates [25].
Ad (2) The statement ‘In reality one ought to equate positions, not velocities’
shows that he does not make a distinction between configuration states (positions)
and energy states (displacements). The only difference between a constraint at
the displacement level and a constraint at the velocity level is an initial condition, for instance, the initial distance between two masses connected by a spring.
However, the dynamic behavior is not influenced by this initial condition. The
only argument to use (additional) constraints at the position level can be that
numerical integration generates errors that may lead to a change in the contribution of the initial condition, which means that, due to numerical inaccuracies,
the masses in the example drift apart or closer together while they are oscillating.
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However, adding such a constraint is a numerical issue and not part of the conceptual model. The easiest way to see this is to make a similar statement about
the electric charge in an electric circuit: While simulating the behavior of an electric circuit containing capacitors the total charge balance may be distorted due to
numerical errors. Apart from the fact that nobody seems to care about this, probably because charge is much less ‘visible’ than configuration and charge cannot
modulate the interconnection structure, a constraint at the charge level can still be
added in the numerical solution procedure to improve accuracy. However, position
variables also describe the configuration state and often one variable plays both
roles. For planar and spatial mechanisms the configuration variables can influence the dynamics via modulation when the coordinate transformations required
to describe the interconnection structure are position dependent. These coordinate transformations are represented in bond graphs by a modulated multiport
transformer [27]. In conclusion one may state that the constraints in the junction
structure of the bond graph are energetic constraints at the velocity level, while
the configuration constraints are dealt with at the signal level, both for modulating the MTFs in the generalized junction structure and for finding potential relations between initial conditions, e.g., two springs connected between the same
masses.
Ad (3) He writes: ‘Interconnections are made by means of terminals, while
energy is transferred through ports.’
Here the actual configuration (‘interconnection’) is mixed up with conceptual
relationships.
He continues: ‘Ports involve many terminals simultaneously.’
First of all, it should be clear about which domain we talk: in a mechanical system a terminal may correspond to a port, while mostly two electrical terminals are
required to create an electrical port. However, Willems fails to give examples of
ports consisting of more than two terminals and unless he is referring to multiports,
which would be confusing, more than two terminals per port are not possible, unless
one uses a rather uncommon definition of a terminal.
He then writes: ‘The interconnection of two electrical wires involves equating
two terminal potentials and putting the sum of two terminal currents to zero. The
product of effort, namely, the electrical potential, and flow, namely, the electrical
current, for an electrical connection has the dimension of power, but it is not power.
Power involves potential differences, while the interconnection constraints involves
the terminal potentials themselves. It is not possible to interpret these interconnection constraints as equating the power on both sides of the interconnection point.’
The conceptual error in this argument lies in the use of the concept ‘wire.’
Willems uses this as something for which a current is a meaningful concept as soon
as one terminal of the wire is connected to the terminal of another wire. However, a
current is a ‘through-variable,’ which means that a connection to a second terminal
at the other side, commonly with a component in between, is required to make the
concept of current meaningful. Not only the current requires two terminals, also
the voltage, as it is a relative concept and always measured with respect to some
reference (‘ground’). This means that all potentials are in fact potential differences,
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while Willems only considers potential differences with respect to potentials that
are not the ground potential.
This makes clear that any two electrical terminals, also if one is grounded and
not represented as such, form a port. However, in many treatments of electrical
circuits the logical order is reversed: First, a distinction is made between potential
and potential differences. Next a relation between the potential differences and the
potentials is derived via the incidence matrix and only then it is recognized that one
of the rows (balance equations) refers to a reference node (ground) which should be
omitted from the incidence matrix to obtain the so-called reduced incidence matrix.
This culture may have led Willems to drawing this conclusion.
In his main text (page 68) Willems even writes about this:
‘In electrical circuits, energy is not transmitted along terminals but rather through
ports. On the other hand, in modeling and interconnection, terminals matter, not
ports.’
He then explains the difference in his Fig. 11 where it becomes clear that he
assumes that connecting two terminals with each other suffices for electrical interconnection, which is not the case: A current can only flow after a second connection
that creates a loop.
This shows that he does not appreciate the difference between a drawing of some
physical components soldered together (= ‘mechanical’ connection) which does not
lead to a device that has any electrical meaning as no current can flow and an electrical circuit diagram in which connections may coincide with physical connections
(soldering points), but may as well be conceptual.
Ad (4) Any textbook on (classical) physics will explain that if one models the
dynamics of physical systems, one should always consider the conservation of
energy, the most general principle of physics. However, the power involved in some
of the relations in a system may be negligible with respect to the power of other
relations and this is probably what Willems tries to say; however, he formulates it in
such a way that it becomes an implicit modeling assumption that power is negligible.
A bond graph represents such a modeling decision by ‘bond activation,’ turning the
bond into a signal for one of the conjugate variables while assuming the other to
be negligible. This shows that Willems, like many others, including those who use
bond graphs, has not taken the effort of studying what a bond graph representation
really is about, but that he has considered explanatory text in a particular context to
be a unique and generic definition.
Another highly related confusion is the concept of a ‘memristor’ introduced
by Chua [28]. When one studies Chua’s paper from a bond graph perspective it
becomes clear that he refers to what in a bond graph would be optimally represented by a state-modulated transformer for which Chua coined the name ‘memristor’ due to the seemingly missing link between the q-type and p-type variables
in the mechanical frame work of variables (Table 1.2). Note that the more general
thermodynamical framework would never suggest this relation. Not much attention
has been paid to this concept until recently, where some researchers came across
an interesting phenomenon that can be best described as a state-modulated resistor,
where the state can be set to different values without much ‘leakage,’ in other words:
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a resistor with a memory. They immediately saw the latter as a reason to rewrite their
equations into a form that more or less resembles Chua’s equations and next claimed
that the memristor was finally found [29], which again demonstrates the common
confusion between physical components and ideal conceptual elements.

1.5.15 Conservation and Continuity Within a Domain
As each conserved state determines a domain, additional connection constraints can
be found for various port types. For instance, a bond connected to one side of a
0-junction may be connected to a C-type storage port or a source port, as these
ports do not violate the balance equation. However, in principle, one should be more
careful when connecting an I-type, R-type, TF-type, or GY-type port, because these
ports cannot ‘absorb’ the conserved state related to the flow. However, all domains
with relative equilibrium-determining variables have a non-displayed balance for
the reference node (this balance equation is dependent on the balance equations for
the rest of the network and corresponds to the row that is omitted in an incidence
matrix to turn it into a reduced incidence matrix of an electrical circuit, for example). This additional balance compensates for this flow, such that it is still possible
to connect these ports without violating the balance equation. Note that the I-type
port in principle is a connection to a GY-type port that connects to the storage in
another domain. Some domains have absolute equilibrium-determining variables,
like temperature and pressure, but since in most cases it is not practical to choose
the absolute zero point as a reference, usually another reference state is chosen, such
that these variables are treated as differences with respect to an arbitrary reference
and an additional balance too.
Further note that labeling energy with a domain is only possible in case of oneport storage as multiport storage means that other domains have access to the stored
energy, such that it does not belong to one domain when stored. As we have seen
before, one-port storage is the result of neglecting all ports of other states because
they are considered constant, but it does not exist in principle, because a first-degree
homogenous energy function of a one-port storage element would lead to a zeroorder homogenous relation between effort and state, which would mean that the
effort would be a constant. So, also in principle, it is not appropriate to assign a
domain to energy, as it can be reached via more than one port, unless the flows of
all other ports are kept zero.

1.6 Conclusion
The warm bed of dynamic models in the form of a set of differential equations or
a block diagram in an a priori fixed causality has been replaced by the cold floor
of port-based modeling concepts with causal preferences and constraints. Hopefully the new revelation caused by this disturbing experience is the insight that the
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causality assignment procedure gives the modeler immediate feedback on his modeling decisions, because the causal consequences of interconnection constraints can
be seen immediately in the context of the physical concepts instead of being the
result of an abstract analysis that hides the relation to the physics.
Another key issue of this contribution is to make clear that three kinds of structures, viz., configuration structure (spatial structure), physical structure, and conceptual structure are often mixed up during the modeling of dynamic behavior of
physical systems. The earlier mentioned lecture where Lewin gives an area (spatial)
interpretation to a conceptual (topological) representation and incorrectly assigns
similarity of points in a conceptual representation to points in a spatial representation is an example of such a mix-up. Willems’ problems to understand bond graphs
are an example of a confusion of physical structure (‘soldering’ physical components together not resulting in a configuration that has a meaning in an electrical
sense) and conceptual structure that shows the relations between ideal elements that
represent dominant behaviors of these components in a particular context, viz., a
circuit in that allows electrical phenomena, viz., currents. Again it is emphasized
that much attention was paid to these cases, not for the sake of having a specialized scientific discussion with opponents, but because these examples clarify how
easy it is to become the victim of the conceptual trap of forgetting about implicit
assumptions.
The common criticism that bond graphs are not well defined has been countered
by showing that their key properties can be defined up to a certain level, but that,
like any other language, dialects remain possible and it is up to the user to define the
exact meaning of specific symbols.
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