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Schur complements

Let E,F,G,H denote Banach spaces, H1, H2 Banach or Hilbert spaces, H = H1 ×H2, and

A =

(
A B

C D

)
, D(A) = D1 ×D2, D1 = D(A) ∩ D(C), D2 = D(B) ∩ D(D);

here all entries A ∈ L(H1), B ∈ L(H2,H1), C ∈ L(H1,H2), D ∈ L(H2) are closable and
densely defined and such that D(A) is dense in H. Define the Schur complements of A

S1(λ) := A− λ−B(D − λ)−1C, λ ∈ ρ(D),

S2(λ) := D − λ− C(A− λ)−1B, λ ∈ ρ(A).

Prove the following statements.

13. A-invariant subspaces and Riccati equations.

i) For K1 ∈ B(H1,H2), K2 ∈ B(H2,H1) the following are equivalent:

(a) IH2
−K1K2 boundedly invertible, (c) W :=

(
IH1

K2

K1 IH2

)
boundedly invertible,

(b) IH1
−K2K1 boundedly invertible, (d) H = G(K1)+̇Ginv(K2),

where Ginv(K2) = {(K2x x)t : x ∈ H2};

ii) forK1 ∈ B(H1,H2): G(K1)A-invariant ⇐⇒ (K1A−DK1 +K1BK1 − C)x = 0,
x ∈ D1 ∩K−1

1 (D2).

14. Schur complements and spectrum.

i) Ω ⊂ C open, S : Ω → C(E,F ), T : Ω → C(G,H): if S, T are equivalent, i.e. ∃W1(λ) ∈
B(F,H), W2(λ) ∈ B(G,E) boundedly invertible with T (λ) = W1(λ)S(λ)W2(λ), λ ∈ Ω,
then

σ(T ) = σ(S), σp(T ) = σp(S), σc(T ) = σc(S), σr(T ) = σr(S);

ii) if D(A) ⊂ D(C) and (A − λ)−1B is bounded on D(B) for all λ ∈ Ω = ρ(A), then

λ 7→ A − λ and λ 7→

(
A− λ 0

0 S2(λ)

)
are equivalent on Ω;

iii) A diagonally dominant =⇒ ρ(S2) ∩ ρ(D) open.



15. Essential spectrum.

i) T ∈ L(E,F ) densely defined, Fredholm, S ∈ L(G,E) Fredholm =⇒ TS Fredholm,
indTS = indT + indS;

ii) T, T̃ ∈C(E), ∃λ∈ρ(T )∩ρ(T̃ ) : (T − λ)−1− (T̃ − λ)−1 compact =⇒ σess(T )=σess(T̃ );

iii) A = A∗, D = D∗, C = B∗, D(B) ∩ D(D) core of D, D(|A|1/2) ⊂ D(B∗), ∃µ ∈ C \ R :
(D − µ)−1B∗(A− µ)−1 compact =⇒ σess(A) = σess(A) ∪ σess(D −B∗(A− µ)−1B).

16. Schur complements and QNR.

i) D(A) ⊂ D(C), g ∈ D(B) ∩ D(D), g 6= 0, Bg 6= 0, λ ∈ ρ(A) =⇒

∆((A− λ)−1Bg, g;λ) =
(
Bg, (A− λ)−1Bg

)(
S2(λ)g, g

)
.

Let now A be diagonally dominant, A = A∗, D = D∗.

ii) W 2(A) ⊂ R, W 2(A) has two connected components Λ±(A), Λ−(A) < γ < Λ+(A),
maxσ(D) < γ < minσ(A) =⇒ S2(γ) < 0;

iii) C ⊂ ±B∗, γ ∈ ρ(A) ∩ R =⇒ S2(γ) symmetric;

find situations where S2(γ) is self-adjoint;

iv) formulate the analogues for the first Schur complement S1.


