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Problem Sheet 4
Schur complements

Let E, F,G, H denote Banach spaces, H1, Hs Banach or Hilbert spaces, H = Hi X Hs, and
C D

here all entries A € L(H1), B € L(H2,H1), C € L(H1,H2), D € L(Hz) are closable and
densely defined and such that D(A) is dense in H. Define the Schur complements of A

A:<A B>’ D(A) =Dy x Da, Di=D(A)ND(C), Ds=D(B)NDD);

S1N)=A-X—B(D-)N"'C, XepD),
So(\):=D—-X—C(A—=X)"'B, e p(A).

Prove the following statements.

13. A-invariant subspaces and Riccati equations.

i) For Ky € B(H1,Hz2), Ko € B(Ha,H1) the following are equivalent:

a) Iy, — K1 K5 boundedly invertible, c) W .= Do Ko boundedly invertible,
2 Ky I
1 Ho

(b) Iy, — K2K7 boundedly invertible, (d) H = G(K1)+G™ (K>),
where GV (K5) = {(Kax )t : 2 € Ha};

ii) for K1 € B(H1,H2): G(K1) A-invariant <= (K1A— DK, + K;BK; —C)z =0,
z €Dy N K (Dy).

14. Schur complements and spectrum.

i) Qc Copen, S:Q—C(E,F), T:Q—C(G,H): if S, T are equivalent, i.e. 3W1(\) €
B(F,H), Wy(\) € B(G, E) boundedly invertible with T'(\) = Wi(A)S(A)Wa(N), A € Q,
then

o(T) =0(5), op(T) =0p(5), 0c(T) =0c(S), ox(T) = 0x(9);

ii) if D(A) € D(C) and (A — \)"!B is bounded on D(B) for all A € Q = p(A), then

)\»—>A—)\and)\»—>(A_)\

0 .
0 SH(\) > are equivalent on €Q;

iii) A diagonally dominant = p(S2) N p(D) open.



15. Essential spectrum.

i) T € L(E,F) densely defined, Fredholm, S € L(G, E) Fredholm =— TS Fredholm,
indTS =indT + ind S

i) T,TeC(E), INep(T)Np(T): (T — X)L = (T — A\)~! compact = Gess(T) =0ess(T);
iii) A= A* D= D* C = B*, D(B) N D(D) core of D, D(|A|'/?) c D(B*), 3u € C\R:
(D — )7 B*(A — )=t compact == Oegs(A) = Tess(A) U dess(D — B*(A — p)~1B).
16. Schur complements and QNR.
i) D(A) C D(C), geD(B)ND(D), g#0, Bg+0,\ep(d) —

A((A=X)"'Bg,g;A) = (Bg,(A—X)""'Bg)(S2(N)g, 9)-

Let now A be diagonally dominant, A = A*, D = D*.

ii) W2(A) C R, W2(A) has two connected components Ax(A), A_(A) < v < A (A),
maxo(D) <y <mino(A) = S(y) <0;

iii) C C £B*, v € p(A) NR = S(v) symmetric;
find situations where Sa(7) is self-adjoint;

iv) formulate the analogues for the first Schur complement S;.



