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Exercise B

Let (K, [·, ·]) be a Krein space and T a closed operator.

11)
λ ∈ ρ(T ) ⇐⇒ λ∗ ∈ ρ(T+), λ ∈ σr(T ) =⇒ λ∗ ∈ σp(T

+),

λ ∈ σp(T ) =⇒ λ∗ ∈ σr(T
+) ∪ σp(T

+), λ ∈ σc(T ) =⇒ λ∗ ∈ σc(T
+).

12) If A = A+ then σ(A) is symmetric with respect to the real axis and if λ, µ ∈ σp(A), then
for the algebraic eigenspaces Sλ, Sµ it holds

Sλ[⊥]Sµ if λ 6= µ∗;

moreover, if λ and λ∗ are isolated eigenvalues, then the Jordan structures of A
∣∣
Sλ

and A
∣∣
Sλ∗

coincide.

13) If A = A+, ρ(A) 6= ∅ and [Ax, x] ≥ 0, x ∈ dom A, then σ(A) is real.
(Hint: Show that σ(A) cannot have a non-real boundary point.)

14) Let σ be a compactly supported bounded measure on R and α ∈ R. Then the function

f(z) :=

∫

R

dσ(t)

t − z
+ α − z (1)

has either exactly one zero z0 ∈ C
+, or f(z) 6= 0, z ∈ C

+, and there exists exactly one point
z0 ∈ R such that ∫

R

dσ(t)

|t − z0|2
≤ 1 and

∫

R

dσ(t)

t − z0

+ α − z0 = 0.

(Hint: Consider the operator A :=

(
t· 1

−(·,1) α

)
in the Hilbert space L2

σ ⊕ C.)

15) Let f be as in (??) and set g(z) :=

∫

R

dσ(t)

t − z
+ α. For arbitrary z1 ∈ C

+ the sequence

(zn)∞n=1:
zn+1 := g(zn), n = 1, 2, . . . ,

belongs to C
+ and converges to the point z0 ∈ C

+ ∪ R from 14). (Exercises 14) and 15)
are closely related to a result of Denjoy and Wolff (Compt. Rend. . . . ) on solutions of the
equation s(z) − z = 0 in D for a Schur function s.

)
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16) If U is a unitary operator in the Krein space K such that

‖Un‖ ≤ C, n = 1, 2, . . . ,

for some C > 0, then there exist a maximal non-negative subspace L+ and a maximal non-
positive subspace L−, which are invariant under U and such that K = L+[∔]L−.
(Hint: The assumptions imply ‖Un‖ ≤ C for all n = 0,±1,±2, . . . . According to a result
of Sz.-Nagy, U is similar to a (Hilbert space) unitary operator V : U = TV T−1. Consider
S := T ∗JT for a fundamental symmetry J .)

17) Let T be expansive in the Krein space (K, [·, ·]), that is

[Tx, Tx] ≥ [x, x], x ∈ K,

and suppose that T := {z : ‖z‖ = 1} ⊂ ρ(T ). Then there exist a maximal non-negative
subspace L+ and a maximal non-positive subspace L−, which are invariant under T and such
that

K = L+ ∔ L−.

(Hint: Consider the Riesz spectral subspaces of T corresponding to σ(T )∩D and σ(T )∩(C\D).)

18) Let Ĵ be a 2n × 2n-matrix such that Ĵ∗ = −Ĵ and Ĵ 2 = −I, and let H be a locally
summable, symmetric 2n × 2n-matrix function on [0,∞). Consider the canonical differential
system

ĴU ′(t) = H(t)U(t), 0 ≤ t < ∞; U(0) = I.

For J := iĴ , the solution U(t) is a J-unitary matrix function: U(t)∗JU(t) = J . (Remark: If
H is periodic with period τ > 0: H(t + τ) = H(t), t ≥ 0, then the stability behaviour of the
solution U(t) is determined by U(τ).)
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