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Let H, 〈·, ·〉 be a Hilbert space, L be a positive self-adjoint operator in H
and ϕ be an element of the space H

−k−1 \ H
−k, k ≥ 2. Here Hl’s are the

Hilbert scale spaces with the inner products 〈(L+ 1)l·, ·〉.
For a given set ĝ = {gs}k

s=2 of real numbers m-model (realization) for sin-
gular perturbation of L generated by ϕ is described by the triple Π(ĝ), S(ĝ), H g(ĝ),
where Π(ĝ) is a πm–space with m = [k

2
], S(ĝ) is a symmetric operator with

defect indices (1, 1) in Π(ĝ) and Hg(ĝ), g ∈ R ∪∞, is one parameter family
of canonical s.a. extensions of S(ĝ). With µ < 0 the function

Qk(z) = 〈
(z − µ)k

(L− z)(L− µ)k
ϕ, ϕ〉0 +

k−1∑

l=0

gj+1(z − µ)l, g1 ≡ g,

belongs to the class Nm and it is Q-function for S(ĝ) and H∞(ĝ).
For an “approximant” we take a smother (1k)–model , which is deter-

mined by L, an element ψ ∈ H
−2 \H0 and real parameters from γ̂ = {γs}

k
s=2

and is described by the triple K(γ̂), S(γ̂), Aγ(γ̂), where Π(ĝ) is a πκ–space,
S(γ̂) is a symmetry with defect indices (1, 1) in Π(ĝ) and Aγ(γ̂), γ ∈ R∪∞,
is one parameter family of canonical s.a. extensions of S(γ̂). The function

Q1k(z) = 〈
(z − µ)

(L− z)(L− µ)
ψ, ψ〉0 +

k−1∑

l=0

γl+1(z − µ)k, γ1 ≡ γ,

belongs to the class Nκ and it is Q-function for S(γ̂) and A∞(γ̂).

Let sequences of numbers γ
(n)
s , s = 2, k, and elements ψ(n) from H

−2 are
taken in such way that ψ(n) n→∞

−−−→ ϕ in H
−k−1 and

γ(n)
s + 〈(L−µ)−sψ(n), ψ(n)〉0

n→∞

−−−→ gs,

1



then the spaces K(γ̂(n)) strongly approximates the space Π(ĝ) and for z ∈
ρ(Hg(ĝ)) the sequence (Ag(γ̂(n)) − z)−1 strongly approximates the resolvent
(Hg(q̂)−z)−1 in the sense of approximation with variable spaces. An example
of approximation by a boundary condition will be discussed.


