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Let ω±(λ), −∞ < λ <∞, be a function of limited variation such that

σ(λ) :=
λ

2π
+ ω+(λ),

is non-decreasing and ω−(λ) is a non-decreasing step function having κ <∞

jump discontinuities. Set

H(t) = H+(t) −H−(t), H±(t) =

∞∫

−∞

e−iλtd [ω+(λ) − ω−(λ)] , −∞ < t <∞.

Then for any positive r < ∞ the integral operator Ĥr = Ĥ+,r − Ĥ−,r in
L

2(0, r) with the difference kernel H(t−s) is nuclear and there is r0 > 0 such

that for r ≥ r0 the operator I + Ĥr is invertible and has exactly κ negative
eigenvalues. For any r > 0 such that I+ Ĥr is invertible let Γr(t, s), 0 ≤

t, s ≤ r, r ≥ r0, be the unique continuous solution of the integral equation

Γr(t, s) +

r∫

0

H(t− u)Γr(u, s)du = H(t− s).

We consider the introduced by M.G. Krein continual analog of the system of
orthogonal trigonometric polynomials on the unit circle:

e(r, λ) := eiλr


1 −

r∫

0

Γr(s, r)e
−iλsds


 , 0 ≤ r <∞,

1






∞∫

−∞

e(r, λ)∗e(r′, λ)d [σ(λ) − ω−(λ)] = 0, r 6= r′, r0 < r, r′ <∞


 .

Put

u(r) = ReΓr(0, r), v(r) = ImΓr(0, r), r ≥ r0;

ϕ(r, λ) := Re
(
e−i 1

2
λr

e(r, λ)
)
, ψ(r, λ) := Im

(
e−i 1

2
λr

e(r, λ)
)
, Imλ = 0.

Then ϕ(r, λ), ψ(r, λ) satisfy the Dirac type system

(
0 −1
1 0

) (
ψ′

ϕ′

)
=
λ

2

(
ψ

ϕ

)
+ V (r)

(
ψ

ϕ

)
, V (r) =

(
v(r) u(r)
u(r) −v(r)

)
.

(0.1)
Let V0(r) be the potential of the system (0.1) obtained in this way for

the non-decreasing function σ(λ). Considering V0(r) and σ(λ) as known we
describe explicitly the amendment V (r)−V0(r) caused by taking ω−(λ) from
σ(λ).


