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Abstract

Recently in [9] a procedure was presented that allows to reformulate nonlinear ordi-
nary differential equations in a way that all the nonlinearities become polynomial on the
cost of increasing the dimension of the system. We generalize this procedure (called ‘poly-
nomialization’) to systems of differential-algebraic equations (DAEs). In particular, we
show that if the original nonlinear DAE is regular and strangeness-free (i. e., it has differ-
entiation index one) then this property is preserved by the polynomial representation. For
systems which are not strangeness-free, i. e., where the solution depends on derivatives of
the coefficients and inhomogeneities, we also show that the index is preserved for arbitrary
strangeness index. However, to avoid ill-conditioning in the representation one should first
perform an index reduction on the nonlinear system and then construct the polynomial
representations. Although the analytical properties of the polynomial reformulation are
very appealing, care has to be given to the numerical integration of the reformulated
system due to additional errors. We illustrate our findings with several examples.

Keywords: differential-algebraic equation, strangeness index, differentiation index, polyno-
mial representation of nonlinear differential-algebraic system, polynomialization, index preser-
vation

AMS(MOS) subject classification: 34A09, 65L80

1 Introduction
In this paper we study nonlinear differential-algebraic equations (DAEs) of the form
0=F(t,x,&,9(t, x)), (1.1)

where F' : I x D, xD; x G — R™ is polynomial in its arguments and g : I xD, - G C R™ is a
vector valued nonlinear function, for which each entry can be written as a simple combination
of elementary nonlinear functions such as trigonometric functions, exponentials or logarithms,
etc. with explicit derivatives available. The interval I C R is closed and D,,D; C R™, G are
open sets.

*Research supported by the Collaborative Research Center 910 Control of self-organizing nonlinear systems:
Theoretical methods and concepts of application.

tnstitut fiir Mathematik, TU Berlin, Str. des 17. Juni 136, D-10623 Berlin, Fed. Rep. Germany,
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Recently, in [9] a so called ‘polynomialization’ procedure was introduced for implicit non-
linear differential equations (and also control systems which we do not consider here) of the
form

d

& (ql@) = f(2), (12)
in the state vector z : I — D, C R", where ¢, f : D, — R", and each entry of ¢, f is a function
g, fi Dy = R for ¢« = 1,...,n, respectively. It is assumed that ¢; and f; are sums of the

form,

@) = qin (@) + ... + i, (2),

filz) = fir(x)+ ...+ fig,(x), i=1,...,n,
where the functions g; j, f; ; are elementary nonlinear functions. For ¢« = 1,...,n, one intro-
duces new variables

(1.3)

¢i,1 = %,1(90)7 cee :¢i,€i = qi, (iL‘),
Ga=fir(x),. ., Gk = fig(2),

and obtains a reformulated system (in the variables ¢; ;, (; ) given by

(1.4)

d
a (Qbi,l(t) + ...+ ¢i7€i(t)) = Ci,l(t) + ...+ Ci,ki(t)v 1=1,...,n.

To have the same number of equations and unknowns, and to enforce the algebraic constraints
(1.4) one adds the equations

Q'Si,l = (Qi,l)z j"7 .. 'aq'si,fi = (Q’i,fi)x *j:a
Ga=(fi1), T, Gipy = (fik), T, i=1,...,n.

Collecting all the variables x;, ¢ = 1,...,n, ¢;;, j = 1,...,4;, and (;;, 7 = 1,...,k;in a
vector ¥, one obtains an implicit system of the form

where R is a linear function in y. If in addition the Jacobians (¢; ;), , ((ix), have a polynomial
representation, then the implicit nonlinear system has been turned into a quasi-linear DAE
for y with a linear right-hand side and polynomial leading matrix L.

In this paper we extend this ‘polynomialization’ approach to more general DAEs of the
form (1.1), but we refrain here from using this terminology because it may lead to confu-
sion with similar concepts in other areas of mathematics. We rather speak of polynomial
representation of the DAE.

In (1.1) we substitute the non-polynomial part g by z(t) = g(¢,x) and add the differential
equation Z = g,&+g; to obtain an extended DAE system in the vector function y = [.TUT zT] T
given by

~ . F(t,xz,z,z)
0=F(t,y,9) = [é—gx:'c—gt] , (1.5)

where g, g: denote the partial derivatives of g with respect to x,t, respectively.

Remark 1.1 If the entries of the Jacobians g, and g; can be written as a polynomial in y
and F' is quasi-linear, i.e., it has the form

F(t,x,z,9(t,z)) = E(t,z,g(t,x))t — K(t,x,g(t, x)),



with entrywise polynomial functions £ : I x Dy x G = R™™ and K : I x D, x G = R",
then the polynomial representation yields a quasi-linear DAE of the form E(t,y)y = K(t,y),
where E' and K are polynomial in y.

Example 1.2 The polynomial reformulation of the differential-algebraic equation

. T1 + 22
= F(t t =
0= Fltadglta) = | P52
with nonlinear term g¢(¢,x) = e*! is given by
3 1+ T2
OZF(tvyay) = [T1 —Rx2|, (16)
z— Zi‘l

where we substituted z = g(t,z) = exp(z1) and set y = [z1 2 z]T. The polynomial
representation (1.6) is a quasi-linear DAE of the form E(y)y = K(y), where E is linear and
K bilinear in y.

It is obvious that (1.2) is a special case of (1.1). The reformulation (1.5) generalizes the afore-
mentioned ‘polynomialization’ procedure to general DAEs and allows for a time-dependency
of the nonlinear term. In particular, the results obtained in Section 3 are also valid for the
original method by Gu [9]. A further generalization to nonlinear terms of the form g(t, z, %)
seems possible but is beyond the scope of this paper. Note that in this situation the resulting
system is of higher order, which requires additional treatment [18].

The Carleman bilinearization [7, 22] is another simplification procedure, which approxi-
mates general nonlinear ordinary differential equations (ODEs) by systems that are quadratic
and even bilinear in the state variable . In contrast, the discussed polynomial representation
yields an exact representation on the cost of using a higher state space dimension. The moti-
vation for such a reformulation procedure is the generation of a more accessible structure on
the right-hand side of ODEs or quasi-linear DAEs that can be exploited in applications such
as model order reduction [2, 4] or the regularization of delay differential-algebraic equations
(DDAEs) [11]. Moreover, the polynomial structure can be used within computer algebra
systems, for example to compute a smooth singular value decomposition [21].

Example 1.3 An application of the polynomial reformulation procedure is the regularization
of quasi-linear DAEs with linear delay term of the form

E(t,x)t = K(t,x) + B(t)Arx + f(t), (1.7)

where E : [ x D, — R™" is a pointwise singular matrix function with constant rank » on
some solution space . C I x D,, K : I x D, — R™ a nonlinear function, B : I — R™" a
matrix function, f : I — R™ the inhomogeneity and for given 7 > 0, the operator A, is
the (backward) shift operator, i.e., (A;z)(t) = z(t — 7). The regularization procedure for
DDAES requires a series of algebraic manipulations, differentiations, and applications of shift
operators [11]. The extension of the regularization procedure of [11] to systems of the form
(1.7) requires (loosely speaking) the following steps. Remove redundancies in E, K and B to



obtain the system

El(t,x) Kl(t,{L‘) Bl(t) f1
0 . | Ka(t, ) Bs(t) fo
o [T 0 | T B AT | n|
0 0 0 Ja

where the last row gives a consistency condition for the inhomogeneity. Then iteratively
remove the redundancies in

[Ko(t,2) (Bs(t+7)2)7]"  and  [Ey(t,2)T Kou(t,2)T Bs(t+7)7]"

to obtain a shift- and strangeness-free system [11]. Numerically removing redundancies is
performed via rank revealing decompositions, which however may be computationally infea-
sible, in particular for large-scale vector-valued nonlinear functions, which require a good
approximations of the solution trajectory for the linearization and the computation of the
Jacobians. Hence the numerical implementation of the regularization procedure is a diffi-
cult task. However, if we denote by ®;~:1 y the ¢ times Kronecker product of gy, then the
polynomial representation of (1.7) can be written as

Ni i _
Et,y)j=Y Kt)Qu+Bt)Ary+ f(t)  with K;:T—R™™,
i=1 j=1

and the required row compressions can be accomplished in a much easier way, because the
Jacobians are easily available and it is much easier to work pointwise.

If %F is nonsingular, then the DAE (1.1) is (locally) equivalent to an ODE and so is the
reformulated system (1.5). However, in the case of DAEs with singular %F , the solution =
usually depends (implicitly) on derivatives of F' and the required degree of differentiability is
classified by one of many different index concepts [15, 17]. Furthermore, the set of possible
initial conditions is restricted [15]. If more than one derivative is implicitly required, then this
restricts the class of numerical integration methods for (1.1) [13, 15] and for such higher index
problems one typically observes order reduction, ill-conditioning of the nonlinear systems or
even divergence of the numerical method. For this reason an index reduction [15] is performed,
which reformulates the system as a new DAE with the same solution set but that is better
suited for numerical integration and control, and from which consistent initial conditions can
be deduced.

In this paper we investigate whether the extension of the polynomial representation pro-
cedure of [9] to DAEs increases the (strangeness) index of the DAE and how it performs when
combined with index reduction. The main contribution of the paper is given in section 3,
where we show that under some further differentiability assumption on the nonlinear func-
tion g and a restriction of the solution manifold, the strangeness index is preserved during
the reformulation. Section 4 is dedicated to some numerical observations and remarks. We
illustrate the findings with examples.

2 Notation and Index Concept

In the following we denote by () the j-th (time) derivative of a function z : I — R”, where
I C R is a closed interval, but use the short versions # = 2 and # = z(®. For partial



derivatives we use the short notation a% f=fe Ifg:1TxD; — R™, then the Hessian g, is
a tensor and gz,xx is short hand for (g,,x)z.
Consider a DAE of the form
F(t,x,2) =0 (2.1)

with F: I x D, xD; — R™ and D,,D; C R™ open. We use the concept of classical solutions,
i.e., a one time continuously differentiable function = € C1(I,R) is a solution of (2.1) if x
satisfies (2.1) pointwise. An initial condition x(tg) = xg € R"™ is called consistent, if the
associated initial value problem

F(t,z,z) =0, z(to) = xo (2.2)

has at least one solution. For this paper, we assume that (2.1) is regular, i.e., (2.2) has a
unique solution for every consistent initial condition. Note that (1.1) is a special case of
(2.1), such that the concepts introduced in this section are valid for (1.1). As discussed in
the introduction, the solution of (2.2) often implicitly depends on derivatives of F', and the
degree of differentiability is classified by one of a variety of index concepts [17]. Here, we
employ the strangeness index concept [15], which is based on derivative arrays [5]. Consider
the derivative array of level ¢ defined by

F(t,x, )

a .
FZ (t,.%,j;’_._?x(@rl)) — th(t‘,IIZ,:C) |

and the Jacobians

M, <t,x,jz, . ,x(Hl)) =Fpp v <t,x,j;, .. ,x(”l)) ,

N, (ta::n . ,:N“)) = — [Frw (t,,d,...,2D) 0 - 0]
both of dimension (¢ + 1)n x (£ + 1)n, where F,; e+ is short hand for

FZ;I’,..‘,z(Z'H) = [Fé;a'c Fé;éé T Fé;x(“l)]

and not to be confused with the tensor notation above. We introduce the following hypothesis,
see [15, Hypothesis 4.2], written in slightly different form.

Hypothesis 2.1 There exist integers p,a, and d,, such that the set
L,= { (t, T, o,... ,:U(”'H)) € R(“+2)”+1‘FN (t, T, o, .. ,:B(’H'l)) = 0}
associated with F is nonempty and such that for every (to,xo,Zo,. - ,x(()MH)) € L, there

exists a (sufficiently small) neighborhood in which the following properties hold:

1. We have rank(M,,(t, 2, &, ..., 2" D)) = (u+ 1)n — a, on L, such that there exists a
smooth matrixz function Zs ,, of size (u+1)n x a, and pointwise mazimal rank, satisfying
Z%MMH =0 onL,.



2. We have rank(A27u(t,x,9L"7...,x(’”‘l))) = ay,, where Az, = Z2T,uNu [In 0o --- O]T
such that there exists a smooth matriz function Ty, of size n x d,,d, = n —a, and

pointwise mazimal rank, satisfying As ,T5 , = 0.

3. We have rank(Fi(t,z, )T, (t,z,&,...,2FD)) = d, such that there exists a
smooth matriz function Zy, of size n X d, and pointwise mazimal rank, satisfying
rank(Ey , Ty,.) = dy, where By, = Z{  Fy.

The strangeness index is defined by using Hypothesis 2.1, see Definition 4.4 in [15].

Definition 2.2 (Strangeness index) Consider a DAE of the form (2.1). The smallest
value of p such that F satisfies Hypothesis 2.1 is called the strangeness index of (2.1). If
w =0, then the differential-algebraic equation is called strangeness-free.

In the following, we suppress the subscript p for better readability, whenever it is obvious
from the context.

In section 3 we consider a special case of the hypothesis which assumes that each matrix
My, for k = 0,...,u has constant rank. This additional assumption was included in the
original definition of the strangeness index [14] and is weaker than the general hypothesis
where the rank only has to be constant for M,. The following Theorem 2.3 suggests a
piecewise consideration of the problem if the constant rank assumption is violated. It is taken
from [15] and is a Corollary of Theorem 10.5.2 from [6].

Theorem 2.3 Let I C R be a closed interval and M € C(I,C™"). Then there exist open
intervals I; C I, j € N, with

UL=1L LnL=0 fori#j (2.3)

and integers r; € No, j € N, such that
rank M (t) =r; for allt € I;.

In the case of DDAES, see for example [1] and the references within, so called breaking points
[10] enforce a piecewise smooth solution concept. For constant delay 7 > 0 the breaking
points are given as the integer multiples of 7 and the strangeness index (if defined) may
differ on the intervals [(¢ — 1)7,¢7] for £ € N. Hence, a restriction to subintervals I; C I
might be necessary and in general, the constant rank assumptions (even for Hypothesis 2.1)
only hold on subintervals. A further reason for the restriction to subintervals is imparted in
Example 2.4.

Example 2.4 Consider the DAE

P || — |1
0= F(t,z,d g(t2) = |0~ 1Bl —e@)l o gy lexp) | (2.4)
sin(xs) .
sin(z2)
for t € I := [0,00). Obviously, ¢ has no explicit derivative due to the absolute value in the

first entry. If the initial condition z(tg) = xg = [xm a:o,z]T satisfies xg,1 > 0, then it is easy
to see that x1(t) > 0 for all ¢ and hence |z1| = z; is already in polynomial form. Otherwise,



the sign of x; changes at ¢ = log(exp(zo,2) — z0,1) — Zo,2 from —1 to 1 and we cannot expect
a global polynomial representation. Instead we handle (2.4) piecewise, such that g reduces to
g(t,x) = [exp(z2) sin(z2)], and a polynomial representation is given by

1+ 1 — 21
~ z2
0=Fi(t,y, ) = | %4 — z1d2
Z2 — 23T2
23 + 29T9

if xp,1 < 0 and ¢ < log(exp(xo2) — x0,1) — Zo,2, and

T1—x1 — 21
22
0=F(t,y,y) = | % — 22
Zo — 2312
z3 + 20T9

otherwise. Note that a second reformulation step with z3 = cos(z2) was applied to obtain the
above quasi-linear systems.

The occurrence of an absolute value or a signum function is typical for hybrid systems, i.e.,
systems that switch between multiple models. The index, the number of algebraic constraints
and free variables may change in such systems and discontinuities or jumps can occur at the
switching points [19].

Lemma 2.5 Suppose that (2.1) is reqular and has strangeness index p. If for k =0,1,..., u
exist integers ay such that rank(My) = (k+ 1) — ax on Ly, then

rank(As ;) = ay for all k=0,1,...,p.

Proof. To proceed with a proof by contradiction, assume that there exists kg < p such that
rank(As i) < ag,. Then the matrix My, 4, is of the form

My, 0}

M1 = { x* My

and hence Z3 11 is given by

0207

0 Z

Z Y; .
22 ko+1 = [ 2,ko kotl | o mko+2)n.akg+1  with rank (Zsk()H) = Qky+1 — Ak
SkOJrl

where the columns of Z span a subspace of range(Za,). We have

Sko+1
_ 7T T _ T
Az ko1 = Za g1 Nkor1 [In 0 oo 0]" = =Zy 4 1 Fhoi1a
Z; ko 0 Frowa
- = T 9 (d\ko+1 .
Yko+1 ZSkOJrl oz (E) F(t,x, 1)
ZLI Fy,.
2,ko " ko;z Ak 41,7
~lyT T 9 (d\kotl | € R0+
Yk0+1Fk‘O;Z’ + Zsk0+1% (E) F(t7 il',', :L')




T . . .
Hence, rank (A2 jy+1) < rank(ZQ,koFko;x) + Qo1 — Ay < Ak + Qg1 — Oy = Qky+1, Which is
a contradiction to the existence of the strangeness index. 0

As a direct consequence, we get the following result.

Lemma 2.6 Let F' be reqular with F; having constant rank on LLg. A necessary condition for
F to have a well-defined strangeness indez is that rank([Fx Fm]) =n on Lg.

Proof. Let Z5 be as in Hypothesis 2.1 and complete Zs to a nonsingular matrix Z = [Zé ZQ] .
The assertion then follows directly from

—(Z5) Ny (Z5)" My

[Fe Fi]=[-No Mo]=2z""| " A 0

The results of Lemmas 2.5 and 2.6 are illustrated in the following example.
Example 2.7 The algebraic equation
0=F(t,z,i) = 2>

is a special case of a DAE. We have My =0, Z5 = 1 and Ay = Z;‘FNO = —2z has constant
rank zero on Ly. According to Lemma 2.5, F' has no strangeness index, and we have indeed

rank([Fm Fx]) = rank [23: O] = rank [0 O] =0<1lonlL

in agreement with Lemma 2.6.

3 Index Preservation in Polynomial Representations

In this section we discuss the effect of the polynomial representation on the strangeness index
of the DAE. Let us first illustrate the difficulties with an example.

Example 3.1 Verifying Hypothesis 2.1 for Example 1.2 yields the characteristic values p = 0,
ap = 1, and dy = 1. The matrices are given by

0 1 1
sfl meldul ol

and the DAE is already in strangeness-free form. Considering the polynomial representation
F', we check Hypothesis 2.1 for the extended system and mark the corresponding characteristic
values and matrices with ‘~’. The Jacobians are given by

3 1 1 0 ) 0 0 O
My = 0O 00 and No=|—-1 w3 w2
—y3 0 1 0 0 m

Since Lo is nonempty, so is Lo by simply setting y3 = g(t,z),93 = gi(t,z) + gz(t, )% for
(t,z,&) € Lo. Moreover, rank(Mp) = 2, which implies ap = 1 and accordingly, we have



I'al’lk(/‘igyo) = 2 = ag. The relevant matrices in Hypothesis 2.1 for the reformulated system
(1.5) are given by

5 0 y ys Y2 o ys+1 Y2
Zso=|1], Top=1|1 0}, Fo 150 = 0 0
0 0 1 —y3  —ysy2 +1

The product F(],;'BTQ’O has rank 2 for y; = 0,y2 = 0,y3 = exp(y;) and rank 1 for y; = 0,
y2 = 0, y3 = —1 and is hence not constant on Lo. Thus, Hypothesis 2.1 does not hold for the
extended system and i = 0. This means that in general we cannot expect that the polynomial
representation is compatible with the standard Hypothesis and therefore with the standard
index reduction procedure.

As Example 3.1 suggests, in order to compare the standard and the reformulated system
we may have to modify the Hypothesis for the extended system. To do this and to analyze
the behavior of the reformulated DAE (1.5), we consider the restricted solution manifold

L = {(t, x,2,8,2) € RET™WH (¢ 3 5) € Lo, 2= g(t,x)} 7

and we have the following lemma.

Lemma 3.2 Let (1.1) be regular and strangeness-free. Then the reformulated DAE (1.5)
satisfies rank([F,, Fy]) =n+m on L.

Proof. We have

F, F, Fy 0

I'ank( [Fy Fy]) = rank <|:gxxl' — Gtz 0 —Jx Im

D =rank ([F, F. F;])+m,

where I, is the m x m identity matrix. Let Zs span the left nullspace of F; (as in Hypothe-
sis 2.1) and let Z} complete Z, to a nonsingular matrix. Then,

(Z)T ZI][F. F. Fi]:[(Zé)TFz (Z})TF. (Zé)TFﬂ

ZTF, ZIF, 0

on ILS, where (Z4)T F; has full row rank by Lemma 2.6. Suppose that the assertion is false,
i.e., [Z]F, ZIF.]isrank deficient. This implies that also

I
Z3 (Fy + Fog,) = Z3 [F, F.] ["}
xT

is rank deficient, which is a contradiction to Lemma 2.6. Hence, the matrix function
(ZzTF, ZIF.|=2Z] [F, F.] (3.1)

has pointwise full row rank and the result follows. [

Theorem 3.3 Suppose that the DAE (1.1) is reqular and strangeness-free with characteristic
values a and d. If F is continuously differentiable and g is twice continuously differentiable,
i.e., g€ C*(IxD,,G), then (1.5) is strangeness-free on Ly with characteristic values @ = a
and d=d+m.



Proof. First note that, if the initial condition for z is given by zo = g(t9, o), then the
unique solution of 2(t) = g¢:(¢t,x) + ¢.(t,x)x(t) is given by z = g(t,z). Hence, for such
initial conditions the reformulated DAE (1.5) is regular and we can check Hypothesis 2.1. As
before, all characteristic values and matrices corresponding to (1.5) are marked with ‘~’. The
restricted solution manifold H:S is nonempty by definition and in the remainder of this proof,
all investigations are performed on ]Lg, i.e., we have z = g(t, x) for all (¢t,z,4) € Ly. We have

Fy 0

rank(My) = rank [_gm I

} =rank(My) + m = (n+m) — a.
]T c Rn+m,a
has pointwise maximal rank and spans the left nullspace of My. The Jacobians with respect
to x and y of the original and the reformulated system are given by

Fy F;
—Gtz — Gza® O ’

Let Z5 be as in Hypothesis 2.1 with pointwise maximal rank. Then Zy = [ZQT 0

No=—-F, — F,g,, NOZ_Fy:_[

respectively. Hence, the matrix-function As is given by
Ay =Z]Ng= 7] |[F, F.]

with rank(As) = a by Lemma 3.2 and (3.1), and thus @ = a. It follows that the kernel of Ay
has dimension n+m —a = d+ m, i.e., d = d + m. For v € kernel(A3) we have

< | v

Ay [g v] = —ZF (Fpv + F.gov) = —Z1 (F + FLg,) v = Agv = 0.
T

Since dim(7T3) = d 4 m, there exists a matrix V = vt VQT]T

subspace of kernel(Ay), and at the same time

such that its columns span a

is pointwise nonsingular. Setting [V; Vo] =V =V (=g, (t,2)V1 + Vo)~ ! and

T ffl} 7 [Zl 0 ]

gu(t, 2Ty Vo 1o I,

7y — [
we have

- F; 0] T W F:Ty F;Vy
et 205 =[5 5

_gm(t7x> Im ga:TQ ‘72 0 Im

which clearly has rank d +m = d on L. Tt is obvious that rank(ZlTF:'yTg) = d+ m and
Hypothesis 2.1 is satisfied for i = 0,a = a and d = d+m. In particular, F' is strangeness-free
onlLgy. O

Remark 3.4 If g acts only on the differential equations, i.e., ZI F, = 0, then the kernel of

As can be chosen as

0 Iy

In particular, this is true in the case of implicit ordinary differential equations.

o [f 0] cmmion

10



Remark 3.5 For the numerical integration of general DAEs, a strangeness-free form is desir-
able. If u > 0, then the strangeness-free form can be obtained (locally) via choosing pointwise
orthonormal matrices Z; and Zs. Since most numerical integration methods are invariant un-
der multiplications with nonsingular matrices from the left, it is not even necessary to choose
smooth projections Z1, Zo, it is enough that there exist such smooth transformations [8, 15].
These matrices are commonly choosen to be orthonormal to avoid ill-conditioning. Perform-
ing the polynomial representation prior to the strangeness-free reformulation in general then
again leads to a non-polynomial system (see Example 3.6 below). Thus, it is advisable to first
apply the index reduction procedure before computing the polynomial representation.

Example 3.6 We perform the polynomial reformulation to the dynamical system given by

i‘l —e'2

0=F(t,z,2,9(t,x)) = Tod1 + xo(1 —e2) — 1

with g(t,xz) = exp(z2) and obtain the system
~ i’l —Z
0= F(tay7y) = |maiy +.CC2(]. _Z) -1
z— Z.i‘g

The computation of an orthonormal matrix function Z, as in Hypothesis 2.1 can be performed
via (smooth) QR-decomposition of My = F; given by

N A I R | T O
0= |T2 =7 |22 -z ;
0 — 1] V1%l ixa2 o 0 0 0

N

which implies Z1 = (1 + x%)f [—xQ 1 O]. The strangeness-free form is given as

ZTF -z 1 0 0
N I R wi 5T _
’ [ngo] za—1 g o “ [ ] ’

iV 1+x%

which is not in polynomial form. Introducing a second variable zo = (1 + x%)_% would then
lead to a strangeness-free system in polynomial form of dimension four. On the other side,
performing the strangeness-free reformulation analytically (i.e., we do not require Z to be
orthonormal), we obtain the three dimensional system

0 [z; F } -
= ST 1 = — 2

Z2 FO o — 1

For a DAE (1.1) with strangeness-index p > 0, one can first perform a strangeness-free
reformulation F' and then determine the polynomial representation and hence Theorem 3.3
applies. On the other hand, most algorithms, see e. g. [16], perform the index reduction along
the time integration. A polynomial reformulation is not possible due to the local character of
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the time integration and the reformulation must be applied beforehand. We first investigate
the case p = 1. Similarly as before, we introduce the set

H:{ = {(t,x,z,:'n,,é,:i,é) € R3(n+m)+1 ‘ (t,z,2,%) € Lo,z = g(t,x), 2 = g (t, x)T + g (¢, 3:)}

and perform all computation on the restriction to Iﬁ’l" We have

[ F; 0
My = F;, M = , L .
0= e Y7 | Fuy 4 Fipit + Fy + Fip 4 Fiogr + Fiogeds + Fogs F]
I F; 0 0 0
~ F;y 0 . —q I 0 0
My=|"¢ My = . o o m
0 [—gm 1] ’ Vo A\ By + Fapio 4+ Fy + Fagio+ Fyod F, Fy 0
L —2Gxt — 2022 T 0 —g: Inm

and as in the proof of Lemma 2.5 we choose Z3 1 in the form

| Z2po M
ZQ,]. - |: 0 Zs1
and Z,, spans a subspace of range(Zs). Moreover, from the proofs of Lemma 2.5 and

Theorem 3.3, we know that 2271 takes the form

- [Zgo 0 0 o]'

21~ |vT ~T 5T
Y171 Y1,2 251 0

Comparing the products Z;lMl and Zg:lMl given by

T
Zgjlel = |:YTF + ZT (F + F,o ZZOF%' . ] } . 79 :| )
1 L'z s \L'it zxx‘i‘Fa:+Fxx$+szgt+szgx$+Fzgm) Zleac
210, = [ o DBFe L 0]
: VL Fy — Y90 + 21 (Fit + Fi + Fp + Fipi 4+ Fiz2) Yo+ ZLF. ZLF; 0]

yields }71?2 = —ZE;FZ. Since #(t) = g.(t, x)d + g+(t, ) on L}, we see that the choices Y; 1 = Y)
and Zsl = Zs, satisfy the condition ZQTJMl = 0. In particular, the columns of 22,1 span the

left nullspace of Mj, because the columns of Z31 span the left nullspace of M;. Therefore,
Za,1 is given by
ZzT 1= [ZZT:#) (; OT O]
’ Y —Z,F. Z; 0
and we have I‘al;lk(ZQJ) =rank(Zs1) = a1, since Z,, has full row rank. Consider the matrices
Az 1, To 1 and Az of Hypothesis 2.1. Then we have

Assume that (1.5) satisfies rank(ﬁl;yﬂ,g) =2(n+m) on L%. Complete Za1 to a nonsingular
matrix Zg = [Zé’l Z271] and scale Fy,, ;5 from the left with Z{ to obtain

Zh ) Fy (Z51) Fiy

Z3 1 Fiy 0

= rank(Zil)TFl;y,g + rank Z{lﬁl;y,

2(n+m) = rank(Zg F1,44) = rank {(

12



which implies that rank(Ay;) = a. Hence, dimkernel(Ay1) = d + m, and the construction
of T2 1 proceeds analogously as in the proof of Theorem 3.3. Using Z; .1 as before, it is easy
to verify part three of Hypothesis 2.1. Summarizing the previous discussion, we have proved
the following theorem.

Theorem 3.7 Suppose that (1.1) is reqular and satisfies Hypothesis 2.1 with characteristic
values 1 = 1, a and d, and that (1.5) satisfies rank(F1yy5) = 2(n +m) on Lj. Then the
strangeness index of (1.5) is i = p =1 on L] with characteristic values & = a and d = d+m.

Example 3.8 Consider a DAE (1.1) and its reformulation (1.5) given by

2Tox1 + 20 —x1 + 1

:| 5 F(tvyvy) = ZT2
z— 6331:&1

elxox; +e"io —x1+1

erlxy

F(t,2,,g(t.2)) = [

with g(t,z) = exp(z1). The system is regular, since the second equation implies xo = 0, and
therefore 1 = 1 using the first equation. It is easy to verify Hypothesis 2.1 for 4 = 1, with
characteristic values a = 2, and d = 0 and matrices

0O 1 0O Z1 z1
2212{_1 0 0 1]7 142,12—[6 1962 60]7 Ta=1[], Zi1=1].

The strangeness-free form is given by

0 — Z’Zl’{:lF = exl$2 ]
ZQ,lFl 1-— T |

For the reformulated system F we proceed as suggested. Since ZST1 F, = x9 we have

- 01 0 000 . [ 0 z T
T _ 2
Z1= 11 —z2 0 1 0] and - Aa1= |1 +e®tiry 2 —z2i —xaiy

On ]I:B we have rank(flm) = 2 and we obtain T2,1, 22,1 and the strangeness-free representation

0 0 o E i —e"g
~ ~ ZT F 1
Ton = |0}, Zi1=10 and 0= [Z%lﬁ] = 2T9

1 1 21 ! 1-— I

Note that we have used the precise reformulation (1.5) to generate F'. If we replace the third
equation by Z—z#, = 0, we get the same characteristic values but cannot use the construction
for Zg 1 as in the previous discussion. Instead, Zg 1 is then given by

010000]

_—
Zo1 = -1 0 0 0 =1 0|"

The remaining matrices can be chosen as before.

To prove the result for arbitrary strangeness index, we define the derivative array for the
nonlinear function g of level ¢ by

G(t,z,2)
d
LG(t,z, 2)
. dt s Ly
G@ <t7y7y7"'7y(£)> = * )
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using G(t,z,z) = z — g(t, ) and define the restricted solution manifold ]INJé of level ¢ by
]1:2 = {(t, Yo Uy e y““)) e R (ndm)+1 ! (t,x, . ,:U(K'H)) ely, 0=0Gy (t, Yoo y(€)>} )

Theorem 3.9 Suppose that (1.1) is regular and satisfies Hypothesis 2.1 with characteristic
values p,a and d, and that (1.5) satisfies

rank (Fk;y7y7.”7y(k+1)> =(k+1)(n+m) on L} fork=0,...,p. (3.2)

If the constant rank conditions for My and Ny hold for all k = 0,. .., u, then the strangeness
index of (1.5) is fu = p on 1L, with characteristic values a = a and d = d +m.

Proof. The proof follows by induction over p and as in the previous proofs we consider all
equalities only on the restricted solution manifolds. Suppose the claim is valid for ;z—1. Then
we have (as in the proof of Theorem 3.7) that

ZQ,u—l Yu
Z27}L |:Z2,(})Ll ;ﬂ' :| and Z2,}L = 0 Zpu
Pr 0 0
By the same arguments as in the proof of Theorem 3.7 we have the relation Zpu = Zp,

and hence @ = a. The constant rank assumptions (3.2) ensure the existence of a matrix
V = [Vi' V4] such that its columns span a subspace of kernel(4;,,) and at the same time

is nonsingular. The matrix TZM of size n +m x d + m given by

7o T Vi
210 gt a)Ty Vo

has full row rank and satisfies /~127 uTZ u = 0. The argument for the third part of Hypothesis 2.1
follows along the lines of the proof of Theorem 3.3. DO

4 Some observations on the numerical properties

In this section we illustrate some numerical properties of the polynomial reformulation ap-
proach. First and obvious, the state dimension is increased. If the system arises from the
spatial discretization of a partial differential equation, nonlinear terms are typically present
for each component, giving raise to numerous additional equations.

Example 4.1 The two dimensional sine-Gordon equation, see e.g. [3], used for example to
model Josephson junctions, is given by

0?u ou  *u  0%u . _
92 TP T o2e2 "o ¢(&, ¢) sin(u) in 2 x1T, (4.1)
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with u = w(§,(,t), p > 0 is the dissipative term, ¢ is the Josephson current density and
2 ={(¢ € R? | ||(§,0)]|lo < 1} is a square domain. Applying the method of lines with
finite differences to (4.1) yields an ODE of the form

D?z(t) + pDz(t) = Az(t) — G(z(t)), (4.2)

where z € RVTD? ig the spatial approximation of u, D is a differential operator, A the
discretized Laplacian and the nonlinear term G contains sin(z;) for i = 1,..., (N + 1)2. As
already discussed in Example 2.4, we require two additional state variables to rewrite a sine
function in polynomial form (due to the cosine arising in the derivative), hence a polynomial
reformulation of (4.2) increases the state space dimension by 2(N 4+ 1)2.

The second immediate observation is that the polynomial reformulation may require symbolic
manipulation of the system equations, which may not be available.

To analyze the impact of the polynomial reformulation on the numerical integration we
consider initial value problems of the form

0=F(t,z,&,22), x(to) = xo, 2(to) = 20 = g(to, o) (4.3)

in the interval I = [to,t7] € R. We introduce the set of gridpoints {t;}&, satisfying
to <t; <...<ty =ty with stepsizes h; := t;41 —t; for i = 0,..., N — 1, and denote by
X, 3; approximations to the solution x(t;), z(¢;), respectively. Let us consider the implicit
Euler method applied to the strangeness-free problem, which is given by the implicit iteration

Xip1 — X i1 — Bi
h; h; ’

which in each step can be solved using the Newton method.

0=F <ti+1, Xit1, : Ji+1,

Example 4.2 Consider the initial value problem

T1 = wsin(wzs), z1(tg) = 210,

'1 (wx2) 1(to) 1,0 (4.4)

&g =1, x2(to) = x2,0,
with solution zo(t) =t +x20 and x1(t) = — cos(w(t+x2,0)) + 21,0 + cos(wzzp). A polynomial
reformulation is given by

i = w2, z1(to) = =10,

To =1, zo(tg) = 220,

'2 2(t0) ‘2,0 (4.5)

21 = w2, z1(to) = sin(wxa),

%9 = —wz2, 22(to) = cos(wxa).

Clearly, both systems are ODEs and hence strangeness-free. The numerical solution and
absolute error of the x; component of (4.4) and (4.5) for constant stepsize h = 0.02 is
depicted in Figure 4.1. The numerical approximation of (4.4) is as expected, with a maximal
error ||z(t;) — X;|| < 0.06. In contrast to this, the numerical solution of the polynomial
reformulation is given by

10 e, M
%i+1,1 1+h2w? 1+h2w? %i,l
Xit12] _ |01 0 0 hi + X2
- 1 h;w
Jit1,1 00 1Hre 1w Ji1
Jit12 00 hiw 1 Ji2-

B 1+h?w?  14+hiw?
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Figure 4.1: Numerical solution (left) and absolute error (right) of (4.4) (blue, solid) and (4.5)
(red, dashed) for I =[0,5], w =5, N = 251 and constant stepsize h = 0.02.

In particular, we have

1

T (Bl +302) <3h+ 30, (4.6)

2 2
dix11 T 312 =

implying that the numerical approximation X;;1,1 decays to zero (in agreement with Fig-
ure 4.1).

An immediate idea is to use the error indicator ||g(¢;, X;) — 3:|| to implement a stepsize control.
In Example 4.2 this will lead to very small stepsizes h; satisfying (1 +h?w?)~! = 1 in machine
precision (compare with (4.6)). Employing the DAE context, one could also enforce the

invariant by adding the constraint
1=22 422 (4.7)

to (4.5). The system (4.5), (4.7) then becomes overdetermined and one could solve it as an
overdetermined system or add a Lagrange multiplier A for the extra constraint, yielding the
system
i’l — W21
To—1
0= |21 —wz+ A2 +23-1)],
Zo +wz1 + )\(Z% + Z% — 1)
24+22-1

which then requires another index reduction.

Remark 4.3 The polynomial reformulation procedure for system (4.4) adds the eigenvalues
+iw to the system. If the time integrator is not stable for purely imaginary eigenvalues, as
for example the explicit Euler method, the integration of the reformulated system is likely

to fail. In this case the use of structure preserving or geometric integrators [12] will allow to
preserve structural properties of the system lost in the reformulation process.
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A structure preserving integrator may require additional computational cost and is not nec-
essarily required for the complete system. Rewriting the reformulated system (1.5) as

= N | F(t,z,2,z)
0= F(t,y,4) = [a@, . 2)] (48)
with G(t,x,2,2,2) = 2(t) — g=(x,t)T — g:(t, z), we can use different integrators for F' and
G and solve for (X;11,3:+1) either simultaneously, or iteratively with a dynamic iteration
scheme [20], which is well understood for coupled ODEs.

Example 4.4 (Example 4.2 continued) We use (4.8) and solve F' with the implicit Euler
and for G, we employ the two stage Lobatto IIIA method also known as (implicit) trapezoidal
rule. This scheme preserves the invariant (4.7). Using the same settings as in Example 4.2
this approach yields an approximation with absolute error similar to the approximation of
(4.4) with the implicit Euler method, as is illustrated in Figure 4.2.

1 : : . : 0.06
0.05}
0.5f . A
0.04| &
or . 0.03}
0.02
-05¢
0.01
-1 - : : : 0 : : : :
0 1 2 3 4 5 0 1 2 3 4 5

Figure 4.2: Numerical solution (left) and absolute error (right) of (4.4), with the implicit
Euler (blue, solid), and (4.5), with the combined Euler, LobattolIIA approach (red, dashed).

5 Conclusion

The polynomial representation procedure introduced in [9] has been extended to a class of
nonlinear differential-algebraic systems with well-defined strangeness index p. It has been
shown that the strangeness index is preserved during the polynomial representation. In
particular, if the original system can be rewritten as an ODE, then the reformulated system
is also an ODE. To avoid ill-conditioning, one should in general first derive the strangeness-
free reformulation and then apply the polynomial representation procedure. The performed
numerical study has shown that the time integration might require a different ODE solver to
preserve additional invariants introduced by the polynomial reformulation.
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