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Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsModel2 alleles, A and a. Genotypes: AA, Aa and aa.3-types birth-and-death pro
ess:Zt = (Z 1t ,Z 2t ,Z 3t ).Population size: N = Z 1 + Z 2 + Z 3.Mendelian reprodu
tion:
λ1(Z ) = bp1N [

(Z 1)2 + Z 1Z 2 + (Z 2)24 ]Logisti
 model:
µ1(Z ) = Z 1(d1 + 
11Z 1 + 
21Z 2 + 
31Z 3)Diploidy and quasi-stationarity Camille Coron



Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsHardy-Weinberg equilibriumDeviation from Hardy-Weinberg equilibrium:Y =
4Z 1Z 3 − (Z 2)24N

= N(pAA − (pA)2)
= N(pAa − 2pApa)
= N(paa − (pa)2)

(Z 1,Z 2,Z 3)←→ (N,X ,Y )←→ (NA,Na,Y )
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Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsLarge population s
aling
New s
aling of individual size: ZK = Z/K ∈ (Z+)

3/K , K −→ +∞.New s
aling of birth and natural death events:bKi = γK + βidKi = γK + δiK
Kij = αij
Diploidy and quasi-stationarity Camille Coron



Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsPopulation size and deviation from Hardy-Weinbergequilibrium
Then:For any t > 0, Y Kt 
onverges in L2 toward 0 when K →∞:dE(

(Y Kt )2)dt ≤ −2γKE

(

(Y Kt )2)
+ C .
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Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsConvergen
e of the sequen
e (NKA ,NKa )NKA (resp. NKa ) is number of alleles A (resp. a), divided by K .The sequen
e of pro
esses ((NKA ,NKa ))K≥0 
onverges in law in
D([0,T ], (R+)

2) toward a di�usion pro
ess (NA,Na) su
h that in theneutral 
ase:dNA(t) = (

β − δ − α
NA(t) + Na(t)2 )NA(t)dt

+

√ 4γNA(t) + Na(t)NA(t)dB1t +

√2γ NA(t)Na(t)NA(t) + Na(t)dB2tdNa(t) = (

β − δ − α
NA(t) + Na(t)2 )Na(t)dt

+

√ 4γNA(t) + Na(t)Na(t)dB1t −√2γ NA(t)Na(t)NA(t) + Na(t)dB2tDiploidy and quasi-stationarity Camille Coron



Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsLimiting di�usion for (NK
,XK)In the neutral 
ase,dNt = (β − δ − αNt)Ntdt +√2γNtdB1tdXt = √

γXt(1− Xt)Nt dB2t .For any x ∈ R+ × [0, 1], Px(T0 <∞) = 1 and there exists λ > 0 su
hthat supxEx(eλT0) < +∞ (Cattiaux et al. 2009).Quasi-stationary behavior of this di�usion: law of this di�usion pro
essat time t knowing that Nt > 0.Diploidy and quasi-stationarity Camille Coron



Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsAppropriate 
hange of variable
S1t =

√

γNt2 
os(ar

os(2Xt − 1)√2 )S2t =

√

γNt2 sin(ar

os(2Xt − 1)√2 )

.S = (S1,S2) satis�es dSt = dWt −∇Q(St)dt.
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Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsValues taken by S and absorbing sets

S1

S2
a

=
{X

= 0}
A = {X = 1}0 = {N = 0}b

×ar

os(2X−1)√2
(S1(N,X ),S2(N,X ))

√

γN2
Figure : Values taken by St for any t.Diploidy and quasi-stationarity Camille Coron



Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsAbsorption: propertiesTheorem
(i) For any x ∈ D \ 0, Px(TA ∧ Ta < T0) = 1.True for Brownian motion.Girsanov theorem on Dǫ ⇒ Px(TAǫ

∧ Taǫ < T0) = 1Martingale argument in the neutral 
ase.
(ii) For any x ∈ D \ ∂D, Px(TA < T0) > 0, and Px(Ta < T0) > 0.In the neutral 
ase, Px(Ta < T0) = 1/2 for allx ∈ atan(π/(2√2)).Markov property to 
on
lude in the neutral 
ase.Girsanov theorem in the general 
ase.Diploidy and quasi-stationarity Camille Coron



Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsQuasi-stationary behavior
From Cattiaux & Méléard (2009) and the previous theorem,TheoremThere exists a unique distribution ν on D \ 0 su
h thatlimt→∞

Px(St ∈ E |T0 > t) = ν(E ) ∀x ∈ D \ ∂D and E ⊂ D \ 0.Therefore limt→∞
P(Xt ∈ B |Nt > 0) exists.

Diploidy and quasi-stationarity Camille Coron



Motivation and model Slow-fast dynami
s Quasi-stationarity Numeri
al resultsNumeri
al result 1: neutral 
ase

Figure : Distribution of the proportion Xt of alleles A in the neutral 
ase, knowingthat Nt 6= 0. In this �gure, βi = 1 = δi , and αij = 0.1 for any i , j .Diploidy and quasi-stationarity Camille Coron
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s Quasi-stationarity Numeri
al resultsNumeri
al result 2: overdominan
e

Figure : Distribution of the proportion Xt of alleles A in an overdominan
e 
ase,knowing that Nt 6= 0. In this �gure, β2 = 5, β1 = β3 = 1, δi = 0, and αij = 0.1 forany i , j .Diploidy and quasi-stationarity Camille Coron
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s Quasi-stationarity Numeri
al resultsPerspe
tives
Exa
t 
onditions under whi
h 
oexisten
e is possible.More alleles
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