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Motivation and model
[ le]

Model

o 2 alleles, A and a. Genotypes: AA, Aa and aa.
@ 3-types birth-and-death process:

VASS (Ztlvztzvz?)'
@ Population size: N = Z1 + 72 + 73,
@ Mendelian reproduction:

(zy

b
M(Z) = (2 + 222+

@ Logistic model:

HI(Z) = Zl(dl + c1121 + C2122 + C3123)
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Motivation and model
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Hardy-Weinberg equilibrium

Deviation from Hardy-Weinberg equilibrium:

423 (22
4N
N(paa — (pa)?)
N(pAa - 2PAPa)
N(paa — (pa)?)

Y

(21722723) — (N,X, Y) — (NAa Na, Y)
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Slow-fast dynamics
[ Jelele]

Large population scaling

o New scaling of individual size: ZK = Z/K € (Z)}/K, K — +o0.
@ New scaling of birth and natural death events:

bl =K + 5;
dl'K :’}/K—i—(s,
Kc,-j-(:a,-j
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Slow-fast dynamics
[o] le]e]

Population size and deviation from Hardy-Weinberg
equilibrium

Then:

@ For any t > 0, Y€ converges in L2 toward 0 when K — oc:

M < —27KE ((YtK)2> +C.

dt
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Slow-fast dynamics
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Convergence of the sequence (NX, NX)

o N (resp. NX) is number of alleles A (resp. a), divided by K.
@ The sequence of processes ((N/’f, NK))K>0 converges in law in

D([0, T], (R1)?) toward a diffusion process (N4, N,) such that in the
neutral case:

dNA(t) = (,@ _d-a w> Na(t)dt

4~y Na(t)N,(t)
A Nae) 3 Mo VA(B9B: + \/27NA€t) (0%

dN,(£) = (5 —d-a w> N, (t)dt

4y Na(t)Na(t)
+ ﬁNa(t)dBtl —\/ mde
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Slow-fast dynamics
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Limiting diffusion for (N¥, XK)

In the neutral case,

dN; = (8 — 6 — alN;)Nydt + \/2yN,dB}

X (1 — Xe)

dX; =
t N,

dB?.

@ For any x € Ry x [0,1], Py(To < 00) =1 and there exists A > 0 such
that sup,E,(e*70) < +oo (Cattiaux et al. 2009).

@ Quasi-stationary behavior of this diffusion: law of this diffusion process
at time t knowing that N; > 0.
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Quasi-stationarity
[ Jelele]

Appropriate change of variable

sl yN¢ cos <arccos(2Xt - 1)>
V2

2 V2

s yN¢ .in (arccos(ZXt - 1)> '

S = (S, S?) satisfies

Diploidy and quasi-stationarity

Camille Coron



Quasi-stationarity
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Values taken by S and absorbing sets

52

(SY(N, X), S2(N, X))

\\/:/_ \/@

arccos(2X—1)
V2

8

0={N=0} A={X=1}

Figure : Values taken by S; for any t.
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Quasi-stationarity
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Absorption: properties

Theorem

(1) Forany x e D\ O, Py(Ta A Ta < Tp) =1.
@ True for Brownian motion.
@ Girsanov theorem on D, = Py (Ta, A T, < Tp) =1
@ Martingale argument in the neutral case.

(if) Forany x € D\ 0D, P(Ta < Tg) >0, and P, (T, < Tp) > 0.
@ In the neutral case, Py (T, < To) = 1/2 for all

X € Aian(n/(2v2))"

@ Markov property to conclude in the neutral case.
@ Girsanov theorem in the general case.
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Quasi-stationarity
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Quasi-stationary behavior

From Cattiaux & Méléard (2009) and the previous theorem,

There exists a unique distribution v on D\ 0 such that
tILm Py(St € E|To >t)=v(E) VYxeD\OD and EC D\O.
o0

Therefore lim P(X; € B|N; > 0) exists.
t—o0
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Numerical results
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Empirical distribution
A o ® 5 B B

N
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Figure : Distribution of the proportion X; of alleles A in the neutral case, knowing
that N; # 0. In this figure, 5; =1 = §;, and «jj = 0.1 for any i, j.
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Numerical results
[o] le]e]

Empirical distribution
L L A
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Figure : Distribution of the proportion X; of alleles A in an overdominance case,
knowing that N; # 0. In this figure, o =5, 81 = 83 =1, §; =0, and «;; = 0.1 for
any i, j.
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Numerical results
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Perspectives

@ Exact conditions under which coexistence is possible.

@ More alleles
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Numerical results
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