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Inference for BNS stochastic volatility models

@ In the discretely observed Barndorff-Nielsen Shepard
(BNS) setting we explore the joint distribution of spot prices
X and the instantaneous variance V supposing that both X
and V can be observed

@ inference by the martingale estimating function
approach leads to an explicit estimator

@ consistency and asymptotic normality of the simple
explicit estimator are shown
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Discretely observed continuous time model

The BNS model

Continuous time model

aX(t) = (u+BV(t-))dt+/V(t—)dW(t)+ pdZy(t), X(0) = 0.

and
dV(t) = —AV(t=)dt + dZ\(t), V(0) = Vo,
where p, 3,p, A € Rwith A > 0. Z = (&) is the BDLP Z,(t) = Z(\t).
W has a self-decomposable distribution corresponding to the BDLP s. t. the
process V is strictly stationary and

E[VQ]:C7 Var[Vo]:n.

Assumption: E[V{] < oo, ¥n € N.
True for r-OU, IG-OU,... ..

v
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Discretely observed continuous time model

Observing X and V on a discrete grid of points intime, 0 =t < t; < ... < ty,

we obtain:
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Discretely observed continuous time model

Observing X and V on a discrete grid of points intime, 0 =t < t; < ...

we obtain:

i
V(t) = V(ti_q)e Mi—t-1) 4 / e Mi=9dz,(s)

ti_1
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Discretely observed continuous time model

Observing X and V on a discrete grid of points intime, 0 =t < t; < ... < ty,

we obtain:

i
V(t) = V(ti_q)e Mi—t-1) 4 / e Mi=9dz,(s)

ti—1
and
X(t) = X(to1) = plt—tor) + BY(E) = Y(ti1)) + VV(s—)dW(s)
L) - Z(t)),
where Y(t) = Ji V(s—)ds.
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Discretely observed continuous time model
Introducing

Xi = X(t) = X(ti-1),

Yi=Y(t) = Y(ti1),

Z = Z\(t) — Zn(ti-1)
W, = \F t \/V(s YdW(s) "~ N(0, 1),
i—1
t
and an auxiliary quantity U(t) = /

=94z, (s)
0

(=] [ =
Optimality for BNS stochastic volatility models




Discretely observed continuous time model

Discretely observed continuous time model
Introducing

Xi = X(t) — X(ti-v),  Yi=Y(t) - Y(tis),

Z = Z\(t) — 2a(ti-1),
1 t ii.d

W,-:—/ JV(E=)dW(s) 4 N(0, 1),
v (s—)dW(s) (0,1)

and an auxiliary quantity U(t) =

e M9z, (s),
0
using tx = k and V; = V({;) we have

Vi=2Vi1+ U

Xi = p+ BYi+ /YW + pZ,

= & = = Ha o
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Discretely observed continuous time model

Discretely observed continuous time model
Introducing

Xi= X(t) — X(ti—1), Yi=Y(t) = Y(tic1), Z = 2(t)— 2D(ti-n),
1 t ii.d
W,-:—/ JV(E=)dW(s) 4 N(0, 1),
v ), (s—)dW(s) (0,1)
and an auxiliary quantity U(t) =

e M9z, (s),
0
using tx = k and V; = V({;) we have

Vi=2Vi1+ U

A

Xi = p+ BYi+ /YW + pZ,
where vy = e,

U=

=U(t) - U(ti-1), (U,Z) iid
[=] =l LJ = QU
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Estimating functions

Martingale estimating functions

@ Suppose that Xi, X», ..., X, are observations from a model
with a d-dimensional parameter 6 € ©.
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Estimating functions

Martingale estimating functions

@ Suppose that Xi, X», ..., X, are observations from a model
with a d-dimensional parameter 6 € ©.

@ an estimator 6, is obtained solving the equation
Gn(x1aX27"'7Xn;0):07 (1)

where Gp(0) is a d—dim estimating function of the
parameter € RY.
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Estimating functions

Martingale estimating functions

@ Suppose that Xi, X», ..., X, are observations from a model
with a d-dimensional parameter 6 € ©.

@ an estimator 6, is obtained solving the equation
Gn(x1aX27"'7Xn;0):07 (1)

where Gp(0) is a d—dim estimating function of the
parameter € RY.

@ Among the class of unbiased or Fisher consistent
estimating functions, we will analyze those estimating
functions that are martingales.
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Estimating functions
Estimating equations

Let

0=(\Cn B,

X = (X, V).

o 5 = = Q>
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Estimating functions

Estimating equations

Let 9:(>\7<7n7137p7/'1/)—|—7 X:(X7 V)'

We consider the following 6 martingale estimating functions:

Ga(0) =D [Vi— E(VilVi-1)], Ga(0) =) [ViViy = Vit E(Vi| Vi-1)],
i=1 i=1
Ga(0) =D [VF — E(VPIVi-n)], Ga(0) =) [Xi— E(Xi|Vi-v)],
i=1 i=1
Gh(0) =Y [XiViir — Vil E(XIVii1)],  Ga(0) = > [XiVi— E(X;Vi|Vioy)].

i=1 i=1

<
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Estimating functions

The specifications for G}, — G& belong to the more general class of martingale

estimating functions of the form

n
Gh(0) =D (Vi 0)[X7- VT = F(Viy;0)], j=1,....d,
i=1

where o/ (Vj_1) is some F;_q-adapted random variable,
fi(v,0) = E[X] V| Vo = V]

and we have
hits

fA(vio) =" ¢)(0)- v/
=0

v
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e for the simple explicit estimator o/(v) = v or o/(v) = 1
which gives explicit Gy(6), the explicit solution of G(#) = 0
and the explicit Cov(6p).
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e for the simple explicit estimator o/(v) = v or o/(v) = 1
which gives explicit Gy(6), the explicit solution of G(#) = 0
and the explicit Cov(6p).

e for optimal estimating functions o/(v) are rational in v

which gives explicit G(#), explicit Cov(d,,) but must solve
Gn(6) = 0 numerically
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e for the simple explicit estimator o/(v) = v or o/(v) = 1
which gives explicit Gy(6), the explicit solution of G(#) = 0
and the explicit Cov(6p).

e for optimal estimating functions o/(v) are rational in v
which gives explicit G,(0), explicit Cov(6,) but must solve
Gn(6) = 0 numerically

@ in this setting the problem of finding the resulting estimator

explicitly amounts to solving d explicitly given
equations.
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The simple estimator 0, = (An, Cn, 7 Pn, in) IS given by

e _( 9)2 1
V 0
/\n:|Og 0 ) nzi_[ G_e_AnMG:L
1 2 —2\n 2
Un:m[( r\}g—( 91))_3 (’V’Gg—("/’@o) )],
% ve — Mx, M,
e B = MM, g, o,
M¢1 Vo M¢1 MGQ 1 1 1
1
Pn = M2 M2 MDD [M)Q1V1 _M)%MQ _ﬁ”(M%W - ¢1 01)]’
Z1 Vi Z "V
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1 n
MGO:EZ Vi717 V2— Z‘/,2_1,
i=1
Mg flznjx-v- M”flzn:v- M3 —1zn:v-v-
X1 Vo — n - iVi—1, Vi — n i~ iy Vivp — n a iVi—1,
1 o 1<
V2_ Z‘/I27 M)Z:EZ)(I? M)Q1V1:BE)(I'V/7

i=1 =

M3 = Cadn, M3y, = € " MaCaMy, + (1 — e ) (200 + AnC3),

1 1
My, = ¢ — /\T(MG‘ = My), MYy, = My, — )\fn(/\/lﬂ1 v — M),

1
M% Vi = /\7,7(M£1 Vi = 312 + MI‘}1 Vo)'
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The explicit solution

Consistency and asymptotic normality

The estimator 0, = (Any Cny My Bny iy in) IS consistent,

0,256, asn— cc.
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Consistency and asymptotic normality

The estimator 6, = (Ans Cns My Bny Py 1in) IS consistent,

0, 2% 0, asn— oco.

Theorem

The estimator 0, = (An, Cn, n, B, pns iin) is asymptotically
normal,

VN[0 — 6] 2, N0, T), asn— oo

where T can be calculated explicitly.
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REINENS

@ previous analysis relied on the explicit solutions of the
estimating function

@ for studying optimal (quadratic) estimating functions, there
is no explicit solution

@ however, there is a general theory dealing with this problem
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General framework

REINENS

@ previous analysis relied on the explicit solutions of the
estimating function

@ for studying optimal (quadratic) estimating functions, there
is no explicit solution

@ however, there is a general theory dealing with this problem

@ it's instructive to review the simple estimator in this general
framework
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General framework

Suppose:

Gh(0) =D oI (Vi1 0)[ XV = F(Viy;6)], j=1,...,d.

i=1
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Zo/ O [XTVI (Vi 0)], j=1,...,d.

For 6 € ©, let us define the d x d matrices

() Jn(e) = 007 Gn(e)
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Zo/ O [XTVI (Vi 0)], j=1,...,d.

For 6 € ©, let us define the d x d matrices

@ Jn(0) = 0yr Gn(0)
o QY(6) = 32G(0).
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Condition 2.6. of Sgrensen (1999)

(i) the mapping 6 — Gn(6) is twice continuously differentiable;
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Condition 2.6. of Sgrensen (1999)

(i) the mapping 8 — Gn(6) is twice continuously differentiable;

(i) there exists a @ € int © and an invertible non-random d x d matrix A(0)

such that |
sup || Jn(0,...,6Y) — A@)| 20
o) e Mg (6) n

foralla >0 ;

Petra Posedel Optimality for BNS stochastic volatility models



BNS hastic volatility model

The simple explicit estimator Estimating functions
Optimal estimating functions The explicit solution
Possible future work General framework
Bibliography

Condition 2.6. of Sgrensen (1999)

(i) the mapping 8 — Gn(6) is twice continuously differentiable;

(i) there exists a # € int © and an invertible non-random d x d matrix A(f)

such that ’
sup || -dn(0),...,69) — A@)| 2> 0

oemx@) N

foralla >0 ;
(iii) there exist d non-random matrices B'(d), i =1, ..., d such that
sup  [ILaV(E,...,69) — B(@)] -0
00 e Mg (9)

for all o > 0;
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General framework
) { Gn(9)

Vvn

: n € N} is stochastically bounded;

- o = < S
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General framework
Gn(0
(iv) { 2 )

v)

: n € N} is stochastically bounded
sup Coll) H LN
semz@ll 1

0 foralla >0

o = = QR
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Gn 9)

(iv) {—=*

(v) sup

0eMS(6)

: n € N} is stochastically bounded;

MH .0 foralla > 0.

Theorem

For every n an estimator 0, exists that solves the estimating equation

Gn(6) = 0 with a probability tending to one as n — oo and 8, - @ as
n — oo. Moreover, if

1 ~ D
ﬁGn(e) — N(0,T)

as n — oo, then

V(6 — 8) = N(0, A(B) " T(AB) )"
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Of and Oy optimality

Of-optimality

T € H is an Of-optimal estimating function within 7 if
£(Gr) — €(Gr)

is nonnegative definite for all Gy € H, 6 € © and Py, where

&(Gr) = E(Gr)(EGrGy) ' (EGr).
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Of and Oy optimality

Of-optimality

T € H is an Of-optimal estimating function within 7 if
£(Gr) — €(Gr)

is nonnegative definite for all Gy € H, 6 € © and Py, where

&(Gr) = E(Gr)(EGrGy) ' (EGr).

@ Not a very intuitive definition, but the idea is that if the
score exists, an optimal estimating function within H is one
with minimum dispersion distance from the score.
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Of and Oy optimality

Ox-optimality

Definition

GT € H is an Ou-optimal estimating function within # if
GH(0) (G"(0))7' GF(9) — Gr(G(9))7'Gr(6)

is almost surely nonnegative definite for all Gr € H, 6 € ©, Py and T > 0,
where Gi(0) — Gr(0) is a martingale.
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Of and Oy optimality

Op-optimality

Gt € H is an Ou-optimal estimating function within H if

Gr(0) (G"(0))7'G7(0) — Gr(G(9))7' Gr(6)

is almost surely nonnegative definite for all Gr € H, 0 € ©, Ppand T > 0,
where Gi(0) — Gr(0) is a martingale.

Relation between O, and Of optimality

Ox-optimality implies Or-optimality in an important set of cases. The reverse
implication does not ordinary hold.
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Of and Oy optimality

Op-optimality
Gt € H is an Ou-optimal estimating function within H if
G7(6)(G"(0))7' GF(0) — Gr{(G(9))7' Gr(9)

is almost surely nonnegative definite for all Gr € H, 0 € ©, Ppand T > 0,
where Gi(0) — Gr(0) is a martingale.

Relation between O, and Of optimality

Ox-optimality implies Or-optimality in an important set of cases. The reverse
implication does not ordinary hold.

The conditions needed for optimality are easier to verify when Gs are
martingales!
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Of and Oy optimality

Relation between O, and Of optimality

Suppose that G7 is O-optimal within the convex class of
martingale estimating functions M. If (G%)~"(G*) 1 is
non-random for T > 0, then G7 is also Og-optimal within M.
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Of and Oy optimality

Optimality in the class M C H of quadratic estimating
functions.
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Of and Oy optimality

Optimality in the class M C H of quadratic estimating

functions.
An estimating function in M is of the form

n
Gn(0) =Y _ 9(X, Vi, Vi_1,0),

i=1

N
where g(xi, vi, vo,0) = > a;(vo, 0)hy(x1, v, vo,0), N =5,
j=1

hi(x1, v1, v, 0
he(x1, v1, vo,0

=vi — fi(v,0), fy
= X| — f2(v0,0), f2
h3(X1, Vi, Vo,@ = V12 = fe,(Vo,e)7 f3
h4(X1,V1,V0,9 :X12—)‘4(V(),9)7 f4
h5(X1,V1,V0,9) = X1 —f5(Vo,9), f5

(V 0) = Eg[V1|Vo = V]
(v,0) = Eo[Xi|Vo = V]
(v,0) = Eo[VZ|Vo = ]
(v,0)
(v,0)

~— — — —

= Eo[X2| Vo = V]
= Ep[XiVi|Vo = V]

and (v, 9) is a p—dimensional vector of measurable functions of v for each
6 andj=1,..., N such that G,(9) is square integrable.
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Optimal estimating function in the sense of Heyde (1997) for the class M.

Define an estimating function by

n

G;(g) S Zg*()(ly \//a ‘/i—1?9)7

i=1

where
g (x1, v1, %, 0) = A" (vo,0)h(x1, v1, o, 0),
with
A*(v;0) = B(v;0)C(v;0)~"  by(v,0) = difi(v,0)
and

cj(v,0) = Eo[hi( X4, Vi, Vo, 0)hi( X4, Vi, Vo, 0)| Vo = V]

Then G* is O4-optimal in M and Gy, is Og-optimal in M, for all
neN.

o
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Of and Oy optimality

@ bji(v) is a polynomial in v
@ ¢j(v) is a polynomial in v
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Of and Oy optimality

@ bji(v) is a polynomial in v
@ ¢j(v) is a polynomial in v
= aj(v) are explicit rational functions of v.

this allows us the application of the general framework given
before and explicit calculation of the covariance matrix of 6,,.
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For consistency and AN of the optimal estimator, we use the
general framework and results of Sgrensen (1999).

Theorem
The estimator 6, obtained by solving the equation G (0) = 0 is
asymptotically normal, namely
V(0 — ) 25 N(0,J(@) " o(J(@) ") ) as n — oo
where
N N _
& =" Elain(Vo, 0)aj(Vo, 6) Cov(=7, =5 Vo)),

m=1 z=1
== (Vio X, VB XE X Vi), k=1,...,n,
3@5(9(!9))

Peco k=1,....d, p=1,....d
80[( b e b b 77p b b

SOk, ... 0 =
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Criticism to address

@ Instantaneous variance is not an observable quantity in
discrete time

@ Various quantities are suggested as substitutes for the
variance

@ More efficient estimators than provided by the optimal
quadratic estimating function can be obtained by
incorporating further moments
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@ Although very high moments are not reliable for empirical
investigations, BNS-models allow also explicit computation
of the characteristic function and thus of (un)conditional
trigonometric moments E[e/(¢kV1+%xX1)] and
E[e/&Vit+vXt) | ] for arbitrary constants &, and vy, that
could be used instead for constructing estimating functions.

@ Comparison of our results to the related generalized
methods of moments, which would require a precise
specification of the weighting matrix
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