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1 Analytic Propertiesof the Survival Probabilities
1.1 TheClassical Risk Model

All random variables and processes are definedfotesed probability spac(aQ,g,(&)tzo ,P).

Assumptions of the classical risk model:
e an insurance company has an initial surpia;

e premiums arrive with constant rate O;

e the number of claimdN, in the time intervaI[O,t] IS a homogeneous Poisson process with
intensity A > 0;

e claim sizesY,, i=1, are nonnegative i.i.d. random variables, indepandf N,, with d.f.

F(y)=P{Y <y}, EY, = <o,



The surplus can beinvested in two assets:

e Risk-freeasset B. The price of the risk-free asset at timequals
B =Be",
where
B, >0 is the price at timé=0,
r >0 is a risk-free interest rate.

e Risky asset S. The price of the risky asset at timequals

rstt+’\lzt5t:\(iSt
§=8e 7,
where
S >0 is the price at timé¢=0,
g >r,

N is a homogeneous Poisson process with intergityO,

Y*,i=21, are i.i.d. random variables, with dff, (y) = P{YiSt < y} ,0<F,(0)<1, EY*=0.
Let 7%, i =1, be the time of the-th jump of N*.

All random variables and processes above are imdiepe.



At every timet = 0 the insurance company invests

° partaD(O,]] of its surplus in the risky asset,
e partl—-a of its surplus in the risk-free asset.

LetT =ar, +(1-a)r.

Let X, (x) be a surplus of the insurance company at tinfats initial surplus isx. The surplus process

follows equation
t N

X, (x) = x+I(TXS(x) +c)ds+ ai X o (x)(eYia - )—;Yi . (1)

0 |

Definition 1. The infinite-horizon survival probabilit¢(x) is a function of the initial surplug that is
defined as

#(x)=P{X,(x)=0 Os=0}.

Definition 2. The finite-horizon survival probabilit;b(x,t) Is a function of the initial surplug and the

time horizont that is defined as
#(x.t)=P{X,(x)=0 OsO[O¢]}.



Theorem 1 (an upper bound for the infinite-horizon survival probability). If the surplus process follows
equation (1), there exist constabfs> 0 andb, >0 such that

$(x) <1-by>

when x is large enough.

Theorem 2 (a lower bound for the infinite-horizon survival probability). Let the surplus process follow
equation (1), and the s&t’ be defined as

ZD:{ZZ E(l—cr+creYlst)Z <+oo, / —Fz—)IQ(E(l—a+aeYlg)z—lj> O}.
If there exists constarg, D(O,]] N Z" such that
AQ(E(l—aﬂrer )_ZO —1j—r_20 <0,

then there exists constamgt> 0 such that

#(x)21-bx*

for all x>0.



Theorem 3. Let the surplus process follow equation (1). Thx) is continuous or0,+e). If in
addition the conditions of Theorem 2 hold, the &fy) is the sum of a continuous componéit(y)
and a discrete componerf“(y), and points of increasey, v,, ... of F'(y) are such that
0<y, <Y, <..<Y, <. limy =+ (if the set of such points is countabl®; (y,)-F*(y,-)=p,,

n=1, then
1) ¢(x) has a continuous derivative @], [ Vi, Vo], -+, [ Vo Vo] --- (in the extreme points we imply

one-sided derivatives), a derivativeqb(fx) does not exist &, Y,, ..., and
: : Ap.#(0)
-)- = 0, nx1;
7 (%)= (%) ry, +c 7P ne

2) ¢(x) satisfies the integro-differential equation

(Tx+c)¢'(x)=(4 +/]S)¢(x)—)l:[¢(x— y)dF(y)—Agijjqﬁ(((l—a)+aey)x)dFst(y)

on [0,+») (at V;, Y,, ... we imply right-hand derivatives off(x)) with boundary condition
lim ¢(x) =1;

X—>+OO

3) for all x, =0 we have

st

: A+
Sl e
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Theorem 4. Let the surplus process follow equation (1).YIf i 21, have a density functiorf (y)
which is continuous ofi0,+), andY;*, i 21, have a density functiori, (y) which is continuous on
(—00,+0), theng(x,t) is continuous or{0,+w)x[0,+x) as a function of two variables. F(y) has a
derivative f'(y) on[0,+w) such thatf’(y)‘ is integrable and bounded on this interval, dpgy) has

a derivative f;(y) on (-eo,+e) such that|f;(y), fy(y)e”, and |f;(y)|e” are integrable and
bounded on this interval, then
1) there exist partial derivatives @f(x,t) w.r.t. x andt on (0,+w)x[0,+e), which are continuous as

functions of two variables;
2) ¢(xt) satisfies the partial integro-differential equatio

—a¢g?’t) —(r_x+c)—a¢(§:’t) +(A+A,)@(xt) —/lf¢(x— y,t)dF(y) —AQT¢(((1—0’) +aey)x’t)dFst (y)=0
on (0,+e0) x| 0,+00) with boundary condition¢?(x, 0) =1, X'[Tf(x’t)_;l;

3) for all x, >0 andT >0 we have

sup 99 (x1) <G, C1+&
o) 2 Xo
where e
fl_ e(r_—/l—/lst)T .
f A+A #T T
o= Aear AT gl Ty
T if A+A, =T, i

+o00

C, :%‘((1%7)]:.:@”St (y)dy+ _[ ((1— a)e” +a)

f. (y)‘dyj.

—00



1.2 TheRisk Modd with Stochastic Premiums

In contrast to the classical risk model

e the number of premiumBl™ in the time interva[O,t] IS a homogeneous Poisson process with
intensity A, >0;
e premium sizesx™, i =1, are nonnegative i.i.d. random variables, indepahof N.,”, with d.f.

Fo (y): P{Yipr S Y}, EY"” = U, <.

The surplus is invested similarly. All random véies and processes in this model are independent.

The surplus process follows equation

X, (x) = x+rJ'X ds+aZX ()(eYig—)+ZYipr—‘ Y. (2)

Theorems 1 and 2 are true for this model.



Theorem 5. Let the surplus process follow equation (2). Tmta(rx) IS continuous or(0,+oo). If in
addition the conditions of Theorem 2 hold, the &fy) is the sum of a continuous componéit(y)
and a discrete componerf“(y), and points of increasey, v,, ... of F'(y) are such that
0<y,<Y,<..<Y,<.., limy, =+ (if the set of such points is countabl®?(y,)-F(y,-)=p,.
n=1, then o

1) ¢(x) is continuous orj0,+») and has a continuous derivative @y, ], [¥., Y], v [ Vot Yoo -

(in the extreme points we imply one-sided derivediy a derivative o¢(x) does not exist &y, V., ...,

and
A 0
#(,)-0 (5,4 =220 50, a2y

2) ¢(x) satisfies the integro-differential equation

' (x) = (4, +A+Aa)¢(x>—aprf¢(x+y)dar(y)—Aff(x—y)dF(y)—ﬁ{f}»(((l—a)+aey)x)da(v)

on (0,+) (at v, Y,, ... we imply right-hand derivatives off(x)) with boundary condition
lim #(x) =1, and its value ax =0 is given by
A +00
0)=—2F dF ;
¢( ) Apr +A _([¢(y) pr(y)
3) for all x, >0 we have
sup ‘¢(x)‘ < Ay +_/] + A |

X% o) %



Theorem 6. Let the surplus process follow equation (2)Y,f andY,, i =21, have density functions
f,,(y) and f(y) correspondingly which are continuous fBi+w), and Y, i=1, have a density
function f.(y) which is continuous offi—c,+w), theng(x,t) is continuous or{0,+e)x[0,+x) as a

function of two variables. Iff , (y) and f (y) have derivativesf’ (y) and f'(y) correspondingly on
for ()
derivative fg(y) on (e, +e) such that fy (y)[, f.(

on this interval, then
1) there exist partial derivatives @f(x,t) w.r.t. x andt on (0,+w)x[0,+e), which are continuous as

functions of two variables;
2) ¢(x,t) satisfies the partial integro-differential equatio

dp(x,t) _ dg(xt o
%—rx%q% + A +/]a)¢(x,t)—/]pr£¢(x+ y,t)dF, (y)-

—/]_T¢(x—y,t)dF - A, I¢(( +aey)xt)dF (y)=0
0

on (0,+e0) x| 0,+00) with boundary cond|t|0n¢>(x, )=1, lim #(xt)=1;
3) for all x, >0 andT >0 we have

'(y) are integrable and bounded on this interval, dgfly) has a

fg'(y)‘e‘y are integrable and bounded

where



1— e(r—/\p, —A=Ag)T
Co=9 A, +A+A, - T

T if A, +A+A, =T,

f (V) dy+A ][ (y)dy.
0

if A, +A+ A, #T,

A For (0)=AF(0)| + 4, |

0

C =

+o00

C, =%‘((1—a)ij:e‘yfst (y)ay+ [ ((1-a)e” +a)|f; (y)‘dyj.

—00



2 Uniform Statistical Estimates for the Survival Probabilities

Thefinite-horizon survival probability in the classical risk model

The surplus process follows equation (1).
¢(x,T) is defined or{0,+x) for any fixedT > 0.

x,>0 andx’ > x_ are arbitrary.

Our aim is to derive a formula that relates accuraed reliability of the uniform approximation of
#(xT) with its statistical estimate for akid| x,,x”|.

h>0 is an arbitrary small enough number such thatx”— x..

Let
h=h, Xx=xth,

h:hclxoxi—l-l_CZXi—l’ Xi:Xi—l+h’ 2<i<K -1,
CXp%-1 1+ C X,

h =x"=X,_,,
whereK =K (xD, xD,h,Cl,CZ) is such thak, , <x’<x,.

We simulate paths of process#s(x,), X,(%), 1<si<K -1, and Xt(xD) on [0,T] N times. In the

issue the survival occurg (N), v, (N), andv ,(N) times correspondingly.



We defineéﬁh’xu’xm(x,T) for xD[xD, xm] as follows:

X~
¢h,xD,XD(X’T):¢h,xu,xu(>€-1’T)+2__2’1( | T)—éhwu(x_l,T)), xO(%_3,% ), 1 =2,K-1;

X— XKl
X Xk -1

by o(XT)=8, (%sT)* (Boxox (T) =2, (% T)) X0 (x5,

Theorem 7. Let the surplus process follow equation (1), awahditions of Theorem 4 which are
necessary for existence of partial derivatives ¢D(fx,t) hold. Then for anyX,>0, X >X,,

hO(0,X = X,) i £>0 we have

PJ{ sup
xD[xD,xD]

¢(x,T)—gﬁh,xu,xm(x,T)‘se+C0h(C1+

CZj}z E 4K+ Je

X



3 A Problem of Optimal Control by Franchise Amount

In the classical risk model we assume thatiy (the net profit condition).

If the insurance company uses the expected valuneiple for premium calculation, then the safety
loading is defined a8 =c/Au-1.

The insurance company has an opportunity to chadssnchise amount continuously.

A franchise is a provision in the insurance poligliereby the insurer does not pay unless damage
exceeds the franchise amount.

Let d, be a franchise amount at tihe 0. We assume that
e 0<d <d

e every admissible strateg(;dt) of franchise amount choice is a predictable p®ags.t. the

whered,, is a maximum allowed franchise amouds; F, (d,.,) <1;

max’?

natural filtration generated by, andY,, 1<i<N,.

Let & >0 be constant. The premium rate is given by

c(d,) :)I(1+9)Tde(y).



Let X\ (x) be a surplus at time if the initial surplus isx and the strategfd, ) is used. The surplus

process follows equation
t

j .)ds- ZY,I{ d,}, (3)

wherel{} is an indicator of event, is the time of thé-th jump of N, .

(&) = inf{t >0: X% (x) <O} is the ruin time under the admissible stratédy).

¢(dt) (x) = P{ (&) = oo} IS the corresponding infinite-horizon survival paility.

X

Our aim is to maximize the survival probability oal admissible strategie(sit), l.e. to find

¢D(X) — s(u)p¢(dt) (x)

and show that there exists an optimal stra(e;{jﬂ) such thap"(x) = ¢(d‘m) (x) for all x=0.

The function¢D(x) satisfies the Hamilton-Jacobi-Bellman equation
dOx

[ @F(@)e () [ xmy)eR(y)
(#°09) = ,nf | - @)
(1+9)jyd|:(y)




Theorem 8. (existence theorem) If Y, i 21, have a density functioff (y) then there exists a solution
V(x) of (4) which is nondecreasing and continuouslyedéntiable or{0,+e), with V (0) =6/(1+6),
andg/(1+6) < limV (x) <1.

X—>+OO

Theorem 9. (verification theorem) Let the surplus process\® (x) be defined by (3), and (x) be the

solution of (4) that satisfies conditions of Thear8. Then for anyx>0 and arbitrary admissible
strategy(d, )

P () Iir\n/S(ZX

X — +0o

: (5)

)
and e L : : (o) _( qof () - .
quality in (5) is attained under the strat.g@iﬂ) = d| X2 (x) ], Where(dt (x)) minimizes the

right-hand side of (4), i.e.
__ V(¥
~ lim V(x)

X—>+00

#°(x) =4 (x)



Exponentially distributed claim sizes

Theorem 10. Let the surplus process(t(dt)(x) be defined by (3), claim sizes be exponentially

distributed with mea, andd,, = ¢2. Then the strateggl (x) =0 is not optimal.

Example. If claim sizes are exponentially distributed witleany =10, d__, = ¢, andd=0.1], then
¢(x) =1-0.9090908**°, x=0,

0.11104876&7% ifx< 8.9325
1-0.9038279a8 % ifx> 8.9325

¢D(x)={

g
t

(x) = 10 if x<8.93258
0 if x>8.93258



Thank you for your attention!



